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Conceptual diagram

Trigonometric
R-matrix

Elliptic
R-matrix

Quantum
affine algebra

Hopf algebra str.

Elliptic
quantum group

Hopf algebroid str.

p→ 0 p, P → 0

R-matrix: A solution of the Yang-Baxter equation;R12R13R23 = R23R13R12.
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1 Drinfeld realization of quantum affine algebras

Quantum affine algebras:
　 Hopf algebras associating with affine root systems
　→ Applications to Yang-Baxter eq., solvable lattice models etc.
A = (aij)

l
i,j=0: GCM of a non-twisted affine root system X

(1)
l .

Drinfeld realization of quantum affine algebras [Dr89]

gens: x±i,j , hik, K
±
i , C±1/2, D (1 ≤ i ≤ l, j ∈ Z, k ∈ Z \ {0}).

rels: C±1/2: center.

[Kj , hik] = [Ki,Kj ] = 0, Kix
±
jkK

−1
i = q±(αi |αj)x±jk,

[hik, hjl] = δk+l,0
[kaij ]i
k

Ck − C−k

qj − q−1
j

,

[hik, x
±
jl] = ± [kaij ]i

k
C∓(|k|/2)x±j,k+l, etc.
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1 Drinfeld realization of quantum affine algebras

∃ Much simpler presentations by currents (generating functions of generators).
The current relations are given by structure functions gaff

ij (z).

Currents and relations

x±i (z) :=
∑

n∈Zx
±
inz

−n,

ψi(z) =
∑

k≥0ψikz
−k := Ki exp

(
(qi − q−1

i )
∑

k>0hikz
−k

)
,

φi(z) =
∑

k≥0φikz
k := K−1

i exp
(
−(qi − q−1

i )
∑

k>0hi,−kz
k
)
.

ψi(z)ψj(w) = ψj(w)ψi(z), φi(z)φj(w) = φj(w)φi(z),

φi(z)ψj(w) = gaff
ij (C

−1z/w)(gaff
ij (Cz/w))

−1ψj(w)φi(z),

φi(z)x
±
j (w) =

(
gaff
ij (C

∓1/2z/w)
)±1

x±j (w)φi(z), etc.
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1 Drinfeld realization of quantum affine algebras

Structure functions

gaff
ij (z) := q

−aij
i

1− q
aij
i z

1− q
−aij
i z

(i, j = 1, . . . , l)

gaff
ij (z

−1)−1 = gaff
ji (z).

Drinfeld comultiplication

∆(C±1/2) = C±1/2 ⊗ C±1/2, ∆(D) = D ⊗D,

∆(x+i (z)) = x+i (z)⊗ 1 + φi(C
1/2

(1) z)⊗ x+i (C(1)z),

∆(x−i (z)) = 1⊗ x−i (z) + x−i (C(2)z)⊗ ψi(C
1/2

(2) z),

∆(φi(z)) = φi(C
−1/2

(2) z)⊗ φi(C
1/2

(1) z), ∆(ψi(z)) = ψi(C
1/2

(2) z)⊗ ψi(C
−1/2

(1) z).
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2.1 Elliptic quantum groups

A dynamical-elliptic analogue of Drinfeld realizations of q-affine algebras of type X(1)
l .

Elliptic quantum group [JKOS99]

An H-Hopf algebroid (to be explained in §3.2) Uq,p(X(1)
l ) with

parameters: q ∈ C (0 < |q| < 1), elliptic norm p,
dynamical parameters Pi (i = 1, . . . , l),

ground ring: CJpK,
structure functions: theta functions

gell
ij (x; p) =

G+
ij(x; p)

G−
ij(x; p)

:=
q
−aij
i θ(q

aij
i x; p)

θ(q
−aij
i x; p)

,

θ(x; p) := (x, px−1; p)∞ ∈ C[x±1]JpK,
relations: dynamical analogue of quantum affine algebra.
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2.1 Elliptic quantum groups
Let (h,Π,Π∨) be a realization of a finite root system Xl. i.e.
Π := {α1, . . . , αl} ⊂ h∗,Π∨ := {α∨

1 , . . . , α
∨
l } ⊂ h, 〈α∨

i , αj〉 = aij .

Dynamical parameter
For dynamical parameters Pi (i = 1, . . . , l), set

Ĥ :=

l⊕
i=1

C
(
Pi + α∨

i

)
⊕

( l⊕
i=1

CPi

)
.

Denote the field of meromorphic functions of Ĥ∗ by M(Ĥ∗).

Properties of structure functions
p: formal parameter, {G±

ij(z; p) | i, j ∈ I}: A set of functions satisfying the following
Ding-Iohara conditions.

G±
ij(z; p) ∈ C[z±1]JpK and invertible in C((z))JpK.

The formal power series gij(z; p) :=
G+

ij(z;p)

G−
ij(z;p)

∈ C((z))JpK satisfies

gij(z
−1; p) = gji(z; p)

−1.
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2.1 Elliptic quantum groups

Elliptic quantum group Uq,p(X
(1)
l )

gens.: M(Ĥ∗), q±c/2, d, K±
i , ei,m, fi,m, α

∨
i,n (i ∈ I, m ∈ Z, n ∈ Z \ {0})

Introduce the currents as follows.

ei(z) :=
∑
m∈Z

ei,mz
−m, fi(z) :=

∑
m∈Z

fi,mz
−m,

ψ+
i (q−

c
2 z) := K+

i exp
(
−(qi − q−1

i )
∑
n>0

α∨
i,−n

1− pn
zn
)
exp
(
(qi − q−1

i )
∑
n>0

pnα∨
i,n

1− pn
z−n

)
.

rels: q±c/2: center,

ψ±
i (z)ψ±

j (w) =
g∗ij(

z
w
)

gij(
z
w
)
ψ±
j (w)ψ±

i (z), ψ+
i (z)ψ−

j (w) =
g∗ij(q

−c z
w
)

gij(qc
z
w
)
ψ−
j (w)ψ+

i (z),

ψ+
i (z)ej(w) = g∗ij(q

−c/2 z
w
)ej(w)ψ

+
i (z), ψ+

i (z)fj(w) = gij(q
c/2 z

w
)−1fj(w)ψ

+
i (z) etc.
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2.2 Drinfeld Comultiplication

Elliptic quantum group Uq,p(X
(1)
l ) admits an H-Hopf algebroid structure,

having Drinfeld comultiplication with modified tensor product ⊗̃.

Drinfeld comultiplication of Uq,p(X
(1)
l )

∆(q±c/2) := q±c/2 ⊗̃ q±c/2, ∆(d) := d ⊗̃ 1 + 1 ⊗̃ d,

∆(K±
i ) := K±

i ⊗̃K±
i ,

∆(ei(z)) := ei(z) ⊗̃ 1 + ψ+
i (q

c1/2z) ⊗̃ ei(q
c1z),

∆(fi(z)) := 1 ⊗̃ fi(z) + fi(q
c2z) ⊗̃ ψ−

i (q
c2/2z),

∆(ψ+
i (z)) := ψ+

i (q
−c2/2z) ⊗̃ ψ+

i (q
c1/2z),

∆(ψ−
i (z)) := ψ−

i (q
c2/2z) ⊗̃ ψ−

i (q
−c1/2z).
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3.1 H-Hopf algebroids

H-Hopf algebroid: A bimodule analogue of a Hopf algebra[Etingof, Varchenko 1998].
H: finite dimensional C-linear space,
F: the field of meromorphic functions on H∗.

H-prealgebras
A tuple A := (

⊕
α,β Aα,β , σ, τ) is an H-prealgebra if

A =
⊕

α,β Aα,β is an H∗ ×H∗-graded C-linear space,
(A, σ) and (A, τ) are graded F-bimodules,
the images of σ and τ commute,
for any f ∈ F and a ∈ Aα,β

σ(f)a = aσ(Tαf), τ(Tβf)a = aτ(f),

where Tα(f)(x) = f(x+ α) for f ∈ F, α, x ∈ H∗.
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3.1 H-Hopf algebroids

Example: Difference operator ring
DH :=

⊕
α∈H∗ FT−α possesses an H-prealgebra structure s.t.

(DH)α,β :=

{
FT−α (α = β)

0 (α 6= β),
σ(f)· = ·τ(f) = f ◦ (f ∈ F).

The monoidal category H-prealg
A tensor product ⊗̃ in the category of H-prealgebras:

A ⊗̃B :=
⊕

α,β∈H∗

( ⊕
γ∈H∗

(Aα,γ ⊗̃Bγ,β)
)
,

Aα,γ ⊗̃Bγ,β := Aα,γ ⊗C Bγ,β/(aτ(f)⊗ b− a⊗ σ(f)b),

σ(f)(a ⊗̃ b)σ(g) := (σ(f)aσ(g) ⊗̃ b),

τ(f)(a ⊗̃ b)τ(g) := a ⊗̃ (τ(f)bτ(g)).

→ (H-prealg, ⊗̃, DH) is a monoidal category.
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3.1 H-Hopf algebroids

H-coalgebroid
An H-coalgebroid (A,∆, ε) is a comonoid object in H-prealg.
A tensor product ⊗̂ in the category of H-coalgebroid:

A ⊗̂B :=
⊕
α,β

(⊕
γ,δ

Aγ,δ ⊗̂Bα−γ,β−δ

)
,

Aγ,δ ⊗̂Bα−γ,β−δ := Aγ,δ ⊗C Bα−γ,β−δ/(τ(f)aσ(g)⊗ b− a⊗ σ(g)bτ(f)),

σ(f)(a ⊗̂ b)σ(g) := (σ(f)a) ⊗̂ (bσ(g)),

τ(f)(a ⊗̂ b)τ(g) := (aτ(g) ⊗̂ τ(f)b).

→ (H-coalg, ⊗̂, F) is a monoidal category. An H-bialgebroid is a monoid in H-coalgd.
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3.1 H-Hopf algebroids

H-Hopf algebroid
A:H-bialgebroid. S : A→ A is the antipode if

S(aσ(f)) = S(a)τ(f), S(aτ(f)) = S(a)σ(f),∑
a(1)S(a(2)) = σ(ε(a) · 1)1A,∑

S(a(1))a(2) = 1Aτ(Tα(ε(a) · 1)) (a ∈ Aα,β),

where ∆(a) =
∑
a(1) ⊗̃ a(2). H-Hopf algebroid is an H-bialgebroid with the antipode.

Example: Difference operator ring
DH is an H-Hopf algebroid by

∆: fT−α 7→ fT−α ⊗̃ T−α, ε := idDH , S : fT−α 7→ (Tαf)Tα.

→ Setting H = 0, we rocover ordinary Hopf algebras.
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3.2 H-Hopf algebroid structure of Uq,p(X
(1)
l )

Uq,p(X
(1)
l ): Elliptic quantum group of type X(1)

l .
H :=

⊕
1≤i≤l CPi : Cartan subalgebra of type Xl.

F-actions on Uq,p(X
(1)
l )

F: The field of meromorphic functions on H∗.
µl, µr : FJpK → Uq,p(X

(1)
l )0,0: moment maps

µl(f) := f(P, p∗), µr(f) := f(P + h, p).

Define F-actions σ and τ by

σ(f)aσ(g) := µl(f)aµl(g), τ(f)aτ(g) := µr(g)aµr(f).
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3.2 H-Hopf algebroid structure of Uq,p(X
(1)
l )

Dynamical shifts

Uq,p(X
(1)
l ) admits defining relations (so called dynamical shift)

g(P )ei(z) := ei(z)g(P − ⟨P, αi⟩), g(P + h)ei(x) := ei(z)g(P ),

g(P )fi(z) := fi(z)g(P ), g(P + h)fi(z) := fi(z)g(P − ⟨P, αi⟩)etc.

In terms of H-Hopf algebroid, this means

ei(z) ∈ (Uq,p(X
(1)
l ))−αi,0JzK, fi(z) ∈ (Uq,p(X

(1)
l ))0,−αiJzK.

Modified tensor ⊗̃
Modified tensor product ⊗̃ gives rises to an exchange of dynamical
parameters;

g(P + h, p) ⊗̃ 1 = 1 ⊗̃ g(P, p∗).
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3.2 H-Hopf algebroid structure of Uq,p(X
(1)
l )

As an example, we show that the next equation holds.

∆(ψ+
i (z))∆(ψ+

j (w)) = ∆

(
g∗ij(

z
w
)

gij(
z
w
)

)
∆(ψ+

j (w))∆(ψ+
i (z)),

where gij(z) := gij(z; p), g
∗
ij(z) := gij(z; p

∗).

The proof of the above equation

∆(ψ+
i (z))∆(ψ+

j (w)) = ψ+
i (qc2/2z)ψ+

j (qc2/2w) ⊗̃ ψ+
i (q−c1/2z)ψ+

j (q−c1/2w)

=
g∗ij(

z
w
)

gij(
z
w
)
ψ+
j (qc2/2w)ψ+

i (qc2/2z) ⊗̃
g∗ij(

z
w
)

gij(
z
w
)
ψ+
j (q−c1/2w)ψ+

i (q−c1/2z)

= g∗ij(
z
w
)ψ+

j (qc2/2w)ψ+
i (qc2/2z) ⊗̃

1

gij(
z
w
)
ψ+
j (q−c1/2w)ψ+

i (q−c1/2z)

= ∆

(
g∗ij(

z
w
)

gij(
z
w
)

)
∆(ψ+

j (w))∆(ψ+
i (z))
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Conclusion

Summary

The elliptic quantum group Uq,p(X
(1)
l ) is defined as an elliptic and

dynamical analogue of the Drinfeld realization of the quantum affine
algebra Uq(X

(1)
l ).

H-Hopf algebroid is a bimodule analogue of graded Hopf algebra,
admitting two tensor product ⊗̃ and ⊗̂ corresponding to ∆ and µ
respectively.
An elliptic quantum group possesses an H-Hopf algebroid structure.
The F-action is given by the multiplication of the meromorphic
functions of dynamical paramaters.
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