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Conceptual diagram

Elliptic

Elliptic , .
R-matrix § > quantum group
Hopf algebroid str.
p—=0 p, P —0

Quantum
>  affine algebra
Hopf algebra str.

Trigonometric
R-matrix

N

R-matrix: A solution of the Yang-Baxter equation; R12R13R23 = R23Ri3Ri2.
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1 Drinfeld realization of quantum affine algebras

Quantum affine algebras:
Hopf algebras associating with affine root systems
— Applications to Yang-Baxter eq., solvable lattice models etc.

A = (aij)} j—o: GCM of a non-twisted affine root system X(l)
Drinfeld realization of quantum affine algebras [Dr89]
S hik, K5 CEY2, D (1<i<l, j€Z, keZ\{0}).

o rels: OF/2: center.

o gens: x

K, hip] = [Ki, K] =0, Kigh Kt =g lo)gs
ka;il; Ck = C_k
[hir, i) = 5k+l,o[ kj] ==
a5 — 4;

ka;;l;i
[hzka ﬁ] [ kj C:F(lk|/2) ] k+1° etc.

.
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1 Drinfeld realization of quantum affine algebras

3 Much simpler presentations by currents (generating functions of generators).

The current relations are given by structure functions gaff( ).

Currents and relations

n

2= . + -
z; (2) = Znezxmz )

Yi(z) = Zk>o?/)z‘kz_k = K; eXp((Qi — qi_l)Zk>ohikZ_k),
¢i(2) = Tizotins = K exp(—(as = a7 Lisohi-
Yi(2)Y;(w) = P(w)i(z),  @i(z)p;(w) = @;(w)pi(z),
i(2)95(w) = g2 (C ™ 2/w) (g3 (Cz/w)) " i (w)ei(2),
cpi(z)a:;t(w) (ijf( :FI/Qz/u)))il :cjj.:(w)gpi(z), etc.

.
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1 Drinfeld realization of quantum affine algebras

ff - ff
gl = gifi(2). |

Drinfeld comultiplication

A(CEV?) = c* 2 @ /2, A(D)=D®D,

Az} (2)) = F (2) ® L+ @i(C{72) ® 7 (Cay2),

Az (2)) = 1@ 27 (2) + 27 (Cy2) ® $i(Clgy 2),

A(pi(2)) = 0i(Co)%2) ® 0i(Cl ), AWi(2)) = hi(Cpz) ® i (Cy,*2).

.
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2.1 Elliptic quantum groups

A dynamical-elliptic analogue of Drinfeld realizations of g-affine algebras of type Xl(”.

Elliptic quantum group [JKOS99]

An H-Hopf algebroid (to be explained in §3.2) Uq,p(Xl(l)) with

@ parameters: ¢ € C (0 < |g| < 1), elliptic norm p,

dynamical parameters P; (i = 1,...,1),

e ground ring: C[p],

@ structure functions: theta functions
(x-p)—-‘;Z(x?P).__QZG”H(Q?“x;p)

T Gyl@mp) 0(g ap)
0(z; p) == (z,pr~"; p)oo € Clz™][pl,

ell

9ij

@ relations: dynamical analogue of quantum affine algebra.
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2.1 Elliptic quantum groups

Let (b, II,I1V) be a realization of a finite root system X;. i.e.
= {a,...,q} CH* IV :={af,...,)} Ch{a), ;) = ai;.

Dynamical parameter

For dynamical parameters P; (i =1,...,1), set

1

= @(C(Pi—i—a;/) ® (EZB(CP,-).

i=1 =1

Denote the field of meromorphic functions of H* by M(H*).

Properties of structure functions

p: formal parameter, {G;tj(z;p) | i,7 € I}: A set of functions satisfying the following
Ding-lohara conditions.

° Gf;(z;p) € C[z*[p] and invertible in C((2))[p].

G (=) o
Gi.(z;p) € C((2)[p] satisfies

9i5(z715p) = gii(zp) 1.

@ The formal power series g;;(z; p) =

V.
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2.1 Elliptic quantum groups

Elliptic quantum group lqp(yl(l))

@ gens.: M(H*), qic/27 d, KZ' s €iom, fi,my (63
Introduce the currents as follows.

Z) = Z ei,mz_m7 fz(z) = Z fi,mz_m’

(iel,meZ neZ\{0})

Y
i,m

meEZ meZ
_c — pno‘xn —n
wj(q 22z) ::K;rexp( (¢ —a; )nz>0 —2 )eXp<(qi_qi 1)nz>oﬁz )
@ rels: gT¢/2: center,
vEE@uEw) = B0yt ) gt ) = B0 ),
gz]( ) 9i5(q E)

v (2)ej(w) = g5 (a™? B e (W)t (2), ¥ (2)f5(w) = 9i5 (@)1 f5(w)vf (2) etc. )
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2.2 Drinfeld Comultiplication

Elliptic quantum group U,M,(Xl(l)) admits an H-Hopf algebroid structure,

having Drinfeld comultiplication with modified tensor product @.

(1))

Drinfeld comultiplication of U, ,(X;

A

A@E?) = ¢t G g2, Ad) =d®1+18d,
A(KF) = K* ® K,
Aei2)) = ei(z) & 1+ 9 (¢/2) © eil™2),
A(fi(2)) = ®fz( )+ fila®2) ® 97 (¢/%2),
AW (2) = o (g72/%2) & ¥t (¢1/22),

(

(2)
¥y (2)) =7 (a°/%2) ® ¥; (¢7/2).

.
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3.1 H-Hopf algebroids

H-Hopf algebroid: A bimodule analogue of a Hopf algebra[Etingof, Varchenko 1998].
H: finite dimensional C-linear space,

F: the field of meromorphic functions on H*.

H-prealgebras

A tuple A == (,, 5 Ao, 0, T) is an H-prealgebra if
o A=, s Aapsisan H* x H*-graded C-linear space,
@ (A, o) and (A, 7) are graded F-bimodules,
@ the images of o and 7 commute,

o forany feFanda € A,z

o(f)a=ao(Taf), 7(Tsf)a=ar(f),
where T, (f)(z) = f(x + ) for f € F, o, € H*.
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3.1 H-Hopf algebroids

Example: Difference operator ring

Dy = @aeH* FT_. possesses an H-prealgebra structure s.t.

FT_o (a=8)
0 (a#p)

The monoidal category H-prealg

A tensor product ® in the category of H-prealgebras:

ABB= P (EB M@BM)

a,pEH* ~yeH*

(Dr)a,p = { o(f)-=-7(f)=Ffo (fe).

Aa,y ® By g = Aay ®c Bys/(ar(f) @b~ a® a(f)b),
a(f)(a®b)a(g) = (o(f)ac(g) ®b),
T(f)(a®b)7(g9) = a ® (1(f)br(9))-

— (H-prealg, ®, Dy) is a monoidal category.
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3.1 H-Hopf algebroids

H-coalgebroid

An H-coalgebroid (A, A, ) is a comonoid object in H-prealg.
A tensor product ® in the category of H-coalgebroid:

AR B = @(@ Ays ® Ba#,,ﬂ—é),

o, v,0

A4,6 ® Ba—ry,5-5 = Ay5 ¢ Ba—v,5-5/(1(f)ac(g) ® b— a ® a(9)b7(f)),
a(f)(a@b)a(g) = (o(f)a) & (ba(g)),
() (a & b)7(9) = (ar(9) & T(f)b).

— (H-coalg, ®, IF) is a monoidal category. An H-bialgebroid is a monoid in H-coalgd. )
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3.1 H-Hopf algebroids

H-Hopf algebroid

A:H-bialgebroid. S: A — A is the antipode if

S(ao(f)) = S(a)7(f), S(ar(f)) = S(@)a(f),
3" awS(ae) = o(e(a) - 1)1a,
> S(ag))ae) =1a7(Ta(e(a) - 1)) (a € Aap),

where A(a) =Y aq) ® a(z). H-Hopf algebroid is an H-bialgebroid with the antipode.
y

Example: Difference operator ring
Dy is an H-Hopf algebroid by

A: fT o fT-0®T-uo, € :=idp,, S: fT-o = (Taf)Ta.

— Setting H = 0, we rocover ordinary Hopf algebras.

14 /19



3.2 H-Hopf algebroid structure of qup(Xl(l))

U(M,(Xl(l)): Elliptic quantum group of type Xl(l).
H =@, CP; : Cartan subalgebra of type X;.

[F-actions on qup(X,‘(l))
F: The field of meromorphic functions on H*.
i, i Flp] — Uq,p(Xl(l))o,O: moment maps

w(f) = f(P,p*), wr(f) = f(P+h,p).

Define F-actions o and 7 by

o(fao(g) = m(faw(g), 7(f)ar(g) = pr(g)ap(f)-
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3.2 H-Hopf algebroid structure of Uq,p(Xg(l))

Dynamical shifts

|

Uq,p(Xz( )) admits defining relations (so called dynamical shift)

9(P)ei(z) = ei(2)g(P — (P, aq)), g(P + h)ei(z) = ei(2)g(P),
9(P)fi(2) = fi(z)9(P), g(P+ h)fi(2) = fi(2)g(P — (P, cu))etc.

In terms of H-Hopf algebroid, this means

ei(2) € Ugp(X)—asoll,  fil2) € (Ugp(X))o,—as [2]-

Modified tensor ®

Modified tensor product ® gives rises to an exchange of dynamical
parameters;

g(P+h,p)®@1=1®g(P,p).
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3.2 H-Hopf algebroid structure of U(M,(Xl(l))

As an example, we show that the next equation holds.

9i5(%)
gi; (3)

where gi;(z) = gij(z;p), 9i;(2) = gi;(z;0").

The proof of the above equation

AW (2)A@] (W) = ¢ (¢%/22)9] (¢°2/%w) @ i (a2 2)y; (7 w)

gzg( ) + 02/2 +oco/2 "'g’L](Z)
= (2 )w( w)" (¢ 72) ® ”( y¥i

= gij(;)w;r(qw/zw)"/’j (@2%2)® 7 (ﬁ) 1/Jj+(q_61/2w)wi+(q_cl/2z)
W\

:AG“Z»AWWWMWﬂM

95 (%)

A(zﬁ(z))Awi(w)):A( ) AW () AW (2)),

W (@1 Pwypt (a1/2)
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Conclusion

@ The elliptic quantum group Uq7p(Xl(l)) is defined as an elliptic and

dynamical analogue of the Drinfeld realization of the quantum affine
algebra Uq(Xl(l)).

@ H-Hopf algebroid is a bimodule analogue of graded Hopf algebra,
admitting two tensor product ® and & corresponding to A and
respectively.

@ An elliptic quantum group possesses an H-Hopf algebroid structure.
The F-action is given by the multiplication of the meromorphic
functions of dynamical paramaters.
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