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What is quantum metrology?

* Given a quantum model, which is set of quantum states

M:={psl0c0} [ R
t

Probe state, must be differentiable
ap{—) /a 91‘ to be linearly independent \ /
H

the Hilbert space for the quantum probe state
the number of dimensions H has

* We perform a measurement on the probe state.
* The probability distribution we obtain depends on 6.

. . ¢ ( ’ d the number of parameters to be estimated
* Estimate 6 with the minimum ‘error’. 0= (0%.....09) the parameters true value
® CR? set of all possible parameter vectors

M model {p,: 0 €6}
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Precision bound for M :={py|0 € 6}

mean-square error (MSE) matrix

{ZT’-’ poTl, J(6'(x)—61)(67 (x) — 6”)}
xekX

=[Ea[(B'(x)— 6")(87(x) — 6))Im] .

1 —>

an estimator & POVM Il = {Hx }xe?c'

ﬁ = (H, 9) weight matrix

minimize Tr[ GV [ﬁ] ]



Precision bound: | minimize Tr[GV,[IT]]

,\ Eo[ 61COITT] = > 6'()Te poTL, ] = 6,
[I:luatf vet ’

B [6i0m] = Y 8T = pe, | = 5.

fundamental precision limit

Co[G]:= min Tr|GV,[I1]]

[T:l.u.até




Lower bounds on Cy|G]

SLD Fisher information matrix

1 1
SLD CR bound C5[G]:=Tr[GJ ] Jpji= ETr[Li(LJp +pL;)] D= E(L[—p +pL;)

D; = % Po jth partial derivative of p,

Holevo-Nagaoka (HN) bound |
Z=(Z'...,7% Tr[DjZi]:&:fori,jzl,...,d. j
V] = 2(2) 2(2)——TrpZ'z)
A — 1 — 1
TrGV,[11] > TrGRe 2(Z) + Tr|GzIm 2(Z)G?|
1X| is defined as v XX

CHN[G]:= min Tr[GReZ(Z)]+Tt[|G2Im Z(Z)G2|]

~,
v

Nagaoka [4] proved this using inequalities from Holevo [3].

[3] Holevo, Probabilistic and statistical aspects of quantum theory (Edizioni della Normale, 2011).
[4] Nagaoka, A new approach to Cramér-Rao bounds for quantum state estimation, IEICE Tech Report IT 89-42, 9 (1989) 5



Holevo-Nagaoka (HN) bound

Correlated
measurement

—— - -

identical copies of the
probe states.

measurement
device needs to
access a large
guantum system.

Estimate

a)

o J

d the number of parameters to be estimated
0=(6,..., 64)  the parameters’ true value
® CRY set of all possible parameter vectors
M model {p, : 0 €O}

=(0',...,0%)  an estimator of 0



Uncorrelated
measurement

------F

------P’

-—— -

- - -

classical feedback is
allowed to improve the
measurement

a)

J

the number of parameters to be estimated
the parameters’ true value

set of all possible parameter vectors
model {p, : 0 €O}



» The Nagaoka bound [4, 10], which is given only in the
case with d = 2, and is tighter than the HN bound.

C?[G] = _min GLITr[leZI] + nggTr[ZszZ]
Z=(21,72)

+G,Tr[p(Z' 2% + 2*21)]
+ 2/ det GTH[|pY2[ 22, z21pV/?|], Tr[D;Z']= 6] fori,j=1,...,d.

* The Nagaoka-Hayashi (NH) bound [12], which is
tighter than the HN bound.

CY[G] := min min {Tr[(G ® p)X']IX" =2 TI(2)},  (22)
7 =

B':= ij k) (j|® X X T e B (9),X
H(Z) — (Z | / J )i,j H the Hilbert space for the quantum probe state

n the number of dimensions ‘H has

[4] Nagaoka, A new approach to Cramér-Rao bounds for quantum state estimation, IEICE Tech Report IT 89-42, 9 (1989)

[10] Nagaoka, A generalization of the simultaneous diagonalization of hermitian matrices and its relation to quantum estimation theory, in Asymptotic Theory Of Quantum

Statistical Inference: Selected Papers, edited by M. Hayashi (World Scientific, 2005) pp. 133-149.

[12] Conlon, Suzuki, Lam, Assad, Efficient computation of the NH bound for multiparameter estimation with separable measurements, npj Quantum Information 7, 1 (2021).
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A [13] Hayashi, A linear programming approach
. * — 1 to attainable cramér-rao type bounds and
tlght CR bound CQ |: G] * ~ mln Trl: G VQ [H :l :I randomness condition (1997), arXiv:quant-
I1:l.u.at® ph/9704044
[37] Hayashi, A linear programming approach
to attainable Cramer-Rao type bound, in
- . Quantum Communication, Computing, and
[ Proposition 1 ([13, Theorem 6]). C[G]= S(DO0). } Measurement, edited by O. Hirota, A. 5.

Holevo,and C. M. Caves (Plenum, New York,
1997)

= f biject t T —> @x'D;—S >
S(DO) : H&%XZaerTrS subjectto  (x' Gx)p Zj:aIID} S=0

Outstanding questions:

(1): How to efficiently determine the tight bound?

(2): How to determine the optimal uncorrelated measurement strategy for
multiparameter qguantum metrology that saturates the tight bound?

(3): What is the relationship between the SLD bound, the HN bound, the NH
bound, and the tight bound?

(4): Is there a gap between the tight bound and the NH bound?



Main results

* (1) & (2): We efficiently compute optimal uncorrelated measurement
strategies.

* (3): We unify the theory of the SLD, HN, NH and tight bounds under a
common umbrella of conic programming.

* (4): Using our algorithm, we numerically demonstrate that the tight
* bound can be strictly tighter than the NH bound.



Conic programming

Block matrix X is optimization variable

Matrlx spaces:

d

-

d
D Ikl @ X,

d
0 k=0

1K) (j| © X*I X% € B, (}), X% = X k}

ij 'E (H)?Xk,j :Xj,k}‘
J

R real vector space spanned by |0),|1),..., |d)
Rc complex vector space spanned by |0), ..., |d)

j=7‘£ =RC =R

Cones:
Ssgp = conv(M,; . (R)® B, . (H))
Sp:={XeB|(v|X|v)=0forve R, ®H}

Sepp CSp CS(Re ®@H)ppr NB" CS(R® H)p NB”.
P1 P2 P3 P4

d d
={ZZ|]< J|®ij‘xk0e58a(ﬂ)xkj (Xjk)}

j=0 k=0
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Sspp CSp CS(Re @ H)ppr NB" CS(Re @ H)p NB”.

Conic programming p1  po P3 p4

~\

Theorem
cMG]=5s(P2)
C°[G] = S(P4)
.

Theorem
Pos, CHN[G]=S(P5)
subspace

48) B’

S(P1):= min {Tr[(G® p)X |(36), (37) hold.} [Theorem Cl[G] :S(Pl)]

XESskp
S(P5):=___min  {Tr[(G® p)X ]|(36),(37), (48) hold.}
XES(R(:@H)FHB . | | A
Trﬂ[(l[)) (0] ® I, )X(II, 9)} =1, (36) Tr[(i(\ﬂ)(il +1i)(0]) ® D)X (I, 9)] =5, (37)

Te X ((1j) (il = i) (iD®p) | =0 (48) .



{ Proposition 1 ([13, Theorem 6]). C[G]= S(DU]J

S(DO0) := max E a' +Trs subject to (xTGx)p — 2 a;."xiDj —s>0 Hastohold forall xin Rd
a,S —
’ i L,J

Idea: Consider Wk, a finite subset of R4*!, with only norm 1 vectors.

V: constructing Wx
Wg : finite subset of the hypersphere

d is the covering . { ‘ ) m
radius of the WR T WS —1
hypersphere

=O(Va/|Wr )
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- eI ¥ SOWg) := {25y W) (w, | ® XX, € Top o (H)} C Ssgp
W, : finite subset of the hypersphere ’

w8 is the covering
Grcaey radius of the
@A hypersphere

S[P1,Wg] = S(P1)

8=0(Vd/|Wg [7)

/

\_
Upper bound =O(m(n6 +d*n’ + d4H2D

complexity of S[P1, Wy ]

S[P1,Wg]:= min {Tr[(G® p)x]|(36),(37) hold.}

s(P1):= min {Tr{(G® )X ]|(36), (37) hold.} i
\ = min w,|Glw,) TrX,p| C[P1, Wg] holds.
Trﬂ[(lo) (0| ® I, )X (11, 6')] = Iy. (36) X(Xs)e'r(wg){;( ! plCl d }
]. . . A _ m N w w =
Tr[(i(\ﬂ)hl+|z)<ol)®pj)x(n,9)]—5%,-‘ (37) Zs:l s)(s| ® X, Z< {10)(Olw)X, =1, (68)
3 2L 0nI0) 1+ O TG} =5, (69
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Estimator attaining | SIP1,We] = S(P1)

[ V: constructing Wg {

Wk : finite subset of the hypersphere

optimal solution X7,..., X"
) m

~ radius of th
;_ hypersphe
) sovam Oth component of vector ws
\_ / |
0

POVM {M,} M, :=|w’|’X}

estimator ({MS}, é) Bi(s) := s

w9
S




dual problem [D1, Wy] optimal value S[D1, Wy] := > . (a*)! + TrS*

maximize Z a:: + TrS
(a,8) e R x T__(H)

M(a,S) =G ® p— %[ S (o) (il + i) o)) ®DJ-)

1<i,j<d

—|0){0] ®S. (57)

m
subject to Z ) (s| ® (w,|TT(a,S)|ws) =0
s=1

1/2 Theorem 13.
S[D1,Wp]=S[P1,W]> S(P1)=S(D1)

Cyla) = Z (plfQ(; @) Dy)p12)

X* := I(a*,S*)
K:=— min min 1, v),vIX*|I(1,y),Vv T :
ve?{:||v||:1y:||y||gc2(a*)(( ¥, vIX*I(L,Y),v)  |dea: Given solgtlon (a,S) to [Dl,.)/-VR]
construct solution for DO. (non-trivial)

>S[D1,Wr] —nlIX*[|(1+ Co(a*)*)E(Wp).

O6(Wg) = xeR‘m?H%cH:lngGl]i/I\}R [[12¢) Q| = [w) (wll; This gives a lower bound to
S(D0)=S(P0)=S(P1)=C[G].
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CONSTRUCTION OF W,

(

I

\_

21j
Dpq = {(cos ﬂ,sm—

27T]

n

21t] . 2m)
Dn,d — {(cos —V, sIn —)
n n

)}

v €Dy 1.5 =0,...

(2m)?d/2
od

d
|Dn,d| =n <

<—_ We use this theoretically

We use this numerically.

d =2

W as US_o{(cos
tan ¢y = Cy(a”™)

choose S as

{(cos =~ 27l oin 2—“1

ﬁboJ

2=, sin ==

) o

ﬁboJ

y)}yES

to bound o.
,n—1
) A. Quantum t-design
1
. : ‘ —[w){w|®" = f ) {x[®* g (dx)
( V: constructing Wg < WEZV:VR Wikl
Wk, : finite subset of the hypersphere

972 radius of the
et hypersphere

‘ Theorem 16. Suppose that we choose Wy as D, 4 with

\ e£~!1 = 6(D, 4). Then, the calculation complexity of the tight

CR bound for probe states of size n within additive error € is

ddd/2
o( (n + d2n3 +d4n2)) (114)

ed
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Algorithm makeWR
Wy = makeWR(N)

1. Set N =70,k =100 and ¢y = 1.2.

2. Set Wy =10

3. foridx=1:(k+1)

4.  Set currN = max([(idx/k)Y*N1, 20)

5. SetcalS = circlepoints(currN)

6. Setj=idx—1
7. Set ¢ = ¢pgj/k
8. Set 1 as a column vector of ones that has the same

number of rows as calS

9. Set W as the matrix with three columns
[cos(¢p)1,sin(¢ )calS] with N rows.

10.  Add every row of W into the set Wk.

Algorithm circlepoints

cal

S = circlepoints(N)

1. Set calS = a matrix with N rows and two columns,
with every entry equal to zero.

2. Forj=1:N
3. SetO=2mj/N

4. SetcalS(j,1) =cos(0)

5. SetcalS(j,2) =sin(60)

1

8

approximate x

N R WD

. Set myrange = {—cy + 2¢,j/999]j = O,..., 999},
(We can implement this in MatLab using
linspace(—c,, ¢5, 1000)).

. Set k = —o0.

. For x in myrange:

For y in myrange:
Set w= (1, x, ¥) as a column vector.
IE]Ce, Yl < ¢y

Set m = A, ({w|X*|w)), where A_,;,(-) gives
the minimum eigenvalue of a Hermitian matrix.

Ifm<—x, set k = —m.

§|:D]., WR] = Tra"™ +

TrS™ — nk

(a*,5*) is optimal solution of [D1,WHr]

18



1.00+

0.951

0.901

R ——

--+--|

Algorithm MakeRandomDs
| D;, Dy | =MakeRandomDs(n)
1. Fori=1,2:

2. Make a random matrix M of size n, with each ma-
trix element chosen independently from the uniform
distribution on [0, 1].

3. SetD=M'M.

4. SetD;=D-TrD/n.

p=1I,/n
G is identity matrix

19



APPLICATIONS

A. Learning parameters of Hamiltonian models

H = Z « Qi Py estimate the parameters a., ..., dg
ﬁa,b(:p:)z—f[ﬂa,b,phzn (L;pLj—%{LjLJ,p})
M = {exp(L,p(p)) : a,b €R}
B. 3D field sensing

n
H = Z(ij-l-ij +2Z;) Same form as in A
j=1

M={e“(p): x,v,z €R}

20



(i Tight CRbound C[G] ) IV: Calculating S(P1)
C[G] = S(D0) [Ref2] I\VA: upper bound via SDP ("VI: complexity of approximating

Feasibility of (a,5) In DO =y SDP depends on set Wk C[G] within additive error e
Needs Eq. (23) to hold for all x ErlmlaéEEP:EETﬁWR] Lem 15: Cy(a) <||al| €,
\. / Vel SOP. [D1, We] |:> Thm 16: Complexity = O(poly(n/e))
0’ Duality B N Eved RN Thm 17:([11(a™, 5]l lla™]| =
Ve Imr:'er- bjl::(? or attaining S(P1) \function of G and SLD matrix )
GI: Conic programming ThIT:I 11 G
Thm 2: C[G] = S(P1) S[P1, W] = S[D1, Wg]
Lem 3: C[G] = C[G,d(d+1)n?/2] S[D1, Wg] = §[P1] 2 S[P1, Wg] -n K al: numerical lower bound for S{Pm
Thm 4: NH bound = S(P2), K depends on the optimal solution X* = II(a*,§") Algo makewWR: makes W,
SLD bound = S(P4) of [D1, WE]. Use Thm 11. a .
: : , approximate K
Thm 5: HCR bound = S(P5) IVD: EvaIL.Jahon of K (can approach 0) numerically
K Thm 6: Strong duality: S(Pi) = S(DD Lem 12: Compare numerical upper, lower

K < function of norm of X* and covering radius & bounds to S(P1) to S(P2) and S(P4)
Thm 13: Combine Lem 12 and Thm 11 \(399 Fig 5,6) )
( V: constructing Wy Lem 14: Another upper bound on K

Wy, : finite subset of the hypersphere ﬂ
- - ( Appendices \
""'1'5:"'""| 77, 8 is the covering A Application of C[G] = S(D0) 4 Wrapping up \
EoL ooty radius of the AA: 1-parameter case, exact solution.
3 hypersphere AB: qubit case, exact solution. L
s L B: Linear Programming with general cone Vi ap_pllcatmps )
] o C: Proof of Thm 6 A learning Hamiltonian parameters
5=0(Va/|We [*) D: Proof of Thm 7 B 3D field sensing
/ E: Evaluation of x used in Sec V \ IX: discussions j

\F: Proof of Thm 17

J

21



	スライド 1: Tight Cramér-Rao type bounds for multiparameter quantum metrology through  conic programming
	スライド 2: What is quantum metrology?
	スライド 3: Precision bound for
	スライド 4: Precision bound: 
	スライド 5: Lower bounds on 
	スライド 6
	スライド 7
	スライド 8
	スライド 9
	スライド 10: Main results
	スライド 11: Conic programming
	スライド 12: Conic programming
	スライド 13
	スライド 14
	スライド 15: Estimator attaining 
	スライド 16
	スライド 17
	スライド 18
	スライド 19
	スライド 20
	スライド 21

