
Tight Cramér-Rao type bounds for 
multiparameter quantum metrology

through 
conic programming

Masahito Hayashi, The Chinese University of Hong Kong, 
Shenzhen, International Quantum Academy (SIQA), Nagoya 

University

Yingkai Ouyang, University of Sheffield

Quantum, 7, 1094 (2023), arXiv:2209.05218

https://arxiv.org/abs/2209.05218


What is quantum metrology?

• Given a quantum model, which is set of quantum states

• We perform a measurement on the probe state.

• The probability distribution we obtain depends on    . 

• Estimate     with the minimum ‘error’.

Probe state, must be differentiable

to be linearly independent
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Precision bound for
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Precision bound: 
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Lower bounds on 
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Nagaoka [4] proved this using inequalities from Holevo [3].
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identical copies of the 
probe states.

measurement
device needs to 
access a large 
quantum system.
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classical feedback is 
allowed to improve the
measurement
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Outstanding questions: 

(1): How to efficiently determine the tight bound?
(2): How to determine the optimal uncorrelated measurement strategy for 
multiparameter quantum metrology that saturates the tight bound?
(3): What is the relationship between the SLD bound, the HN bound, the NH 
bound, and the tight bound?
(4): Is there a gap between the tight bound and the NH bound?



Main results

• (1) & (2): We efficiently compute optimal uncorrelated measurement 
strategies.

• (3): We unify the theory of the SLD, HN, NH and tight bounds under a 
common umbrella of conic programming.

• (4): Using our algorithm, we numerically demonstrate that the tight

• bound can be strictly tighter than the NH bound.
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Conic programming
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Block matrix X is optimization variable

X0,0 X0,1 X0,2

X1,0 X1,1 X1.2

X2,0 X2,1 X2,2

X

Cones:

Matrix spaces:



Conic programming

12

(48)
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Has to hold for all x in 

Idea: Consider         , a finite subset of             , with only norm 1 vectors.
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0th component of vector ws

Estimator attaining 
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Idea: Given solution (a,S) to          , 
construct solution for D0. (non-trivial) 

This gives a lower bound to 
S(D0)=S(P0)=S(P1)=C[G].
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We use this theoretically 
to bound d.

We use this numerically. 
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(a*,S*) is optimal solution of [D1,WR]
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G is identity matrix
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Same form as in A
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