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Quantum data compression

Data compression is one of most fundamental information processing.

Noiseless coding

Quantum pure information source: 𝑝𝑥, 𝜙𝑥 𝑥=1
|𝜒|

Purified source: | ۧ𝜓 𝑅𝐴 ≔ σ𝑥=1
𝜒

𝑝𝑥 𝑥 𝑅 𝜙𝑥 𝐴

𝒟𝑛 ∘ ℰ𝑛 𝜓𝑅𝐴
⊗𝑛𝜓 𝑅𝐴

⊗𝑛

ℰ𝐴𝑛→𝑊 𝒟𝑊→𝐴𝑛
𝑖𝑑𝑊𝐴𝑛

𝑅𝑛

𝐴𝑛

Averaged state: 𝜌𝐴 = σ𝑥=1
|𝜒|

𝑝𝑥 ۧ|𝜙𝑥 𝜙𝑥 𝐴

Task: minimize dimℋ𝑊 under

Message: 𝜒 = 1,2, … , 𝜒

≈ 𝜓𝑅𝐴
⊗𝑛

CPTP-map CPTP-map



Noiseless coding theorem
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Quantum noiseless channel coding theorem [Schumacher, ‘95]:

lim
𝑛→∞

1

𝑛
log dimℋW = 𝑆 𝜌𝐴 .

Asymptotically optimal dimension of 𝑊:

𝑆 𝜌𝐴 ≔ −tr𝜌𝐴log2𝜌𝐴 von Neumann entropy

𝒟𝑛 ∘ ℰ𝑛 𝜓𝑅𝐴
⊗𝑛 ≈ 𝜓𝑅𝐴

⊗𝑛𝜓 𝑅𝐴
⊗𝑛

ℰ𝐴𝑛→𝑊 𝒟𝑊→𝐴𝑛
𝑖𝑑𝑊𝐴𝑛

𝑅𝑛

𝐴𝑛



One-shot data compression

What if we can only use one state?

dimℋ𝑊 = rank𝜌𝐴 No nontrivial compression𝒟 ∘ ℰ 𝜓𝐴𝑅 = 𝜓𝐴𝑅

𝒟 ∘ ℰ 𝜓𝐴𝑅 ≈ 𝜓𝐴𝑅 [Berta,’08][Datta, Hsieh, Wilde, ‘12],…

Exact

Approximate

𝜓 𝐴𝑅

ℰ𝐴→𝑊 𝒟𝑊→𝐴

𝑖𝑑𝑊𝐴

𝑅

𝐴

𝒟 ∘ ℰ 𝜓𝐴𝑅



Mixed state source (asymptotic)
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𝒟𝑛 ∘ ℰ𝑛 𝜌𝑅𝐴
⊗𝑛 ≈ 𝜌𝑅𝐴

⊗𝑛𝜌𝑅𝐴
⊗𝑛

ℰ𝐴𝑛→𝑊 𝒟𝑊→𝐵𝑛
𝑖𝑑𝑊𝐴𝑛

𝑅𝑛

𝐵𝑛

What if we consider mixed state source?

The optimal dimension of 𝑊 is given by Koashi-Imoto decomposition [Koashi, Imoto, ‘02]

lim
𝑛→∞

1

𝑛
log dimℋW = 𝑆 ෍

𝑖

𝑝𝑖𝜌𝑅𝐴𝑖
𝐿 ≤ 𝑆 𝜌𝐴

𝑅 is classical [Koashi, Imoto, ‘01]

𝑅 is quantum [Khanian,Winter, ‘20]

𝜌𝑅𝐴 =ໄ

𝑖

𝑝𝑖 𝜌𝑅𝐴𝑖
𝐿 ⊗𝜔𝐴𝑖

𝑅



Koashi-Imoto (KI) decomposition

𝜌𝑅𝐴 =ໄ

𝑖

𝑝𝑖 𝜌𝑅𝐴𝑖
𝐿 ⊗𝜔𝐴𝑖

𝑅

and for any CPTP-map  Λ𝐴 ⋅ = tr𝐸 𝑉𝐴→𝐴𝐸 ⋅ 𝑉𝐴→𝐴𝐸
† satisfying Λ𝐴 𝜌𝑅𝐴 = 𝜌𝑅𝐴,

𝑉𝐴→𝐴𝐸 =ໄ

𝑖

𝐼𝐴𝑖
𝐿 ⊗𝑉𝐴𝑖

𝑅→𝐴𝑖
𝑅𝐸 ,

tr𝐸 𝑉𝐴𝑖
𝑅→𝐴𝑖

𝑅𝐸𝜔𝐴𝑖
𝑅 𝑉𝐴𝑖

𝑅→𝐴𝑖
𝑅𝐸

†
= 𝜔𝐴𝑖

𝑅 , ∀𝑖. 

𝑉𝐴→𝐴𝐸 is decomposed as

[Koashi, Imoto, ‘02][Hayden, et al., ‘04]

Consider a bipartite state 𝜌𝑅𝐴 ∈ ℬ ℋ𝑅 ⊗ℋ𝐴 , s.t., 𝜌𝐴 > 0.

There exists a decomposition ℋ𝐴 ≅ ۩𝑖ℋ𝐴𝑖
𝐿 ⊗ℋ𝐴𝑖

𝑅 s.t.,

Quantumly correlated

Classically correlated



Main problem in this talk

One-shot, exact compression of mixed quantum source

𝒟 ∘ ℰ 𝜌𝑅𝐴 = 𝜌𝑅𝐴𝜌𝑅𝐴

ℰ𝐴→𝑊 𝒟𝑊→𝐴

𝑖𝑑𝑊𝐴

𝑅

𝐴

Question

What is the minimum dimension of 𝓗𝑾?



Minimum dimension

𝒟 ∘ ℰ 𝜌𝑅𝐴 = 𝜌𝑅𝐴𝜌𝑅𝐴

ℰ𝐴→𝑊 𝒟𝑊→𝐴

𝑖𝑑𝑊𝐴

𝑅

𝐴

The minimum achievable compression is also given by KI-decomposition.

ℋ𝐴 ≅ໄ

𝑖

ℋ𝐴𝑖
𝐿 ⊗ℋ𝐴𝑖

𝑅 ℋ𝑊 =ໄ

𝑖

ℋ𝐴𝑖
𝐿

However, how to calculate 𝐝𝐢𝐦𝓗𝑾?

The known algorithms to calculate KI-decomposition [Koashi, Imoto, ‘02] [Yamasaki, Murao, ‘19] are hard to 
implement.



Main results

dimℋ𝑊 =෍

𝑖

dimℋ𝐴𝑖
𝐿 = rank ሚ𝐶 ҧ𝐴 .

We developed a way to calculate a pure state ሚ𝐶
𝐴 ҧ𝐴𝐴1𝐴1

s. t.,

Consider any bipartite state 𝜌𝑅𝐴 ∈ ℬ ℋ𝑅 ⊗ℋ𝐴 .

ሚ𝐶 ҧ𝐴 ≔ tr𝐴𝐴1𝐴1
ሚ𝐶 ሚ𝐶

We restrict ℋ𝐴 ≔ supp 𝜌𝐴  w.l.o.g. 𝜌𝐴 > 0 .

Results (details in later)

We also found bounds which are easier to calculate

(𝐴 ≅ ҧ𝐴 ≅ 𝐴1 ≅ 𝐴1)

rank 𝐶𝐴𝐴1 = ෍

𝑖

dimℋ𝐴𝑖
𝐿

2
≤ dimℋ𝑊 ≤ rank 𝐶𝐴𝐴1 .

Exact 
diagonaliza
tion of 
𝑑𝐴
2 × 𝑑𝐴

2

matrices



Classical case

𝜌𝑅𝐴 ≔෍

𝑟,𝑎

𝑝 𝑟, 𝑎 𝑟, 𝑎 𝑟, 𝑎

A nontrivial compression exists iff ∃𝑎, 𝑎′ s.t.

𝑝 𝑟 𝑎 = 𝑝 𝑟|𝑎′ , ∀𝑟.

𝑝 𝑟, 𝑎 = 𝑝 𝑟 𝑝 𝑎

𝑝 𝑟|𝑎1, 𝑎2 = 𝑝 𝑟|𝑎1

independent

Markov

ℋ𝐴 ≅ໄ

𝑖

ℋ𝐴𝑖
𝐿 ⊗ℋ𝐴𝑖

𝑅 , dimℋ𝐴𝑖
𝐿 = 1, ∀𝑖.

KI-decomposition is known as Fisher–Neyman factorization theorem [Fisher, ‘22][Neyman, ‘36]



Method



Minimal sufficient subalgebra

The KI-decomposition of 𝜌𝑅𝐴 is originated in the minimum sufficient subalgebra of 𝒮. 

The condition 𝒟𝑊→𝐴 ∘ ℰ𝐴→𝑊 𝜌𝑅𝐴 = 𝜌𝑅𝐴 is equivalent to the following [Hayden, et al., ‘04]:

𝒮 ≔ 𝜇𝐴 =
tr𝑅 𝑀𝑅𝜌𝑅𝐴
tr 𝑀𝑅𝜌𝑅

0 ≤ 𝑀𝑅 ≤ 𝐼𝑅 .𝒟𝑊→𝐴 ∘ ℰ𝐴→𝑊 𝜇𝐴 = 𝜇𝐴, ∀𝜇 ∈ 𝒮,

[Jenčová&Petz, ‘06]

ℳ𝐴
𝑆 ≔ Alg 𝜇𝐴

𝑖𝑡𝜌𝐴
−𝑖𝑡, 𝜇 ∈ 𝒮, 𝑡 ∈ ℝ = Alg 𝜌𝐴

𝑖𝑡−1/2
𝜇𝐴𝜌𝐴

−𝑖𝑡−1/2
, 𝜇 ∈ 𝒮, 𝑡 ∈ ℝ

[Jenčová, ‘12]

ℳ𝐴
𝑆 ≅ໄ

𝑖

Mat ℋ𝐴𝑖
𝐿 , ℂ ⊗ 𝐼𝐴𝑖

𝑅ℋ𝐴 ≅ໄ

𝑖

ℋ𝐴𝑖
𝐿 ⊗ℋ𝐴𝑖

𝑅

want to know the dimension



Strategy to calculate the dimension

𝔼𝐴 ⋅ =ໄ

𝑖

𝜏𝐴𝑖
𝐿 ⊗ tr𝐴𝑖

𝐿 Π𝑖 ⋅ Π𝑖 , Π𝑖: the projection onto ℋ𝐴𝑖
𝐿 ⊗ℋ𝐴𝑖

𝑅.

The conditional expectation 𝔼𝐴 on ℳ𝐴
𝑆 ′

:

ℳ𝐴
𝑆 ≅ໄ

𝑖

Mat ℋ𝐴𝑖
𝐿 , ℂ ⊗ 𝐼𝐴𝑖

𝑅

ℳ𝐴
𝑆 ′

≔ 𝑋𝐴 𝑋𝐴, 𝑌𝐴 = 0, 𝑌𝐴 ∈ ℳ𝐴
𝑆  the commutant of ℳ𝐴

𝑆 ≅ໄ

𝑖

𝐼𝐴𝑖
𝐿 ⊗Mat ℋ𝐴𝑖

𝑅 , ℂ

1. Obtain the Choi state of the conditional expectation 𝔼𝐴 on ℳ𝐴
𝑆 ′

.

2. Extract information of 𝑑𝐴𝑖
𝐿 from the Choi state.

Strategy

𝜏: completely mixed state



Characterizing the subalgebra

ℳ𝐴
𝑆 ′

 is the largest subalgebra of 𝐹𝑖𝑥(𝒯𝐴→𝐴) that is invariant under Δ𝜌
𝑡 ⋅ ≔

𝜌𝐴
𝑖𝑡 ⋅ 𝜌𝐴

−𝑖𝑡 for all 𝑡 ∈ ℝ.

Lemma 

ℛ𝜎,ℰ ⋅ ≔ 𝜎
1

2𝒯† 𝒯 𝜎 −1/2 ⋅ 𝒯 𝜎 −1/2 𝜎
1

2.

Petz recovery map: For a CPTP-map 𝒯 and a state 𝜎 > 0, define 

𝐽𝑅𝐴 ≔ 𝜌𝐴
−1/2

𝜌𝑅𝐴𝜌𝐴
−1/2

. Ω𝑅→𝐴
† 𝑋𝑅 ≔ tr𝑅 𝐽𝑅𝐴 𝑋𝑅

𝑇 ⊗ 𝐼𝐴 .

𝒯𝐴→𝐴 ≔ ℛ𝐸→𝐴
𝜏,Ω ∘ Ω𝐴→𝐸 .

Ω𝐴→𝐸 ≔ Ω𝐴→𝑅
𝑐 . complementary channel

Several definitions

𝐹𝑖𝑥 𝒯𝐴→𝐴 ≔ 𝑋𝐴 𝒯𝐴→𝐴 𝑋𝐴 = 𝑋𝐴 . fixed point algebra

𝜌𝐴
−1/2

𝜇𝐴𝜌𝐴
−1/2

=
tr𝑅 𝑀𝑅𝐽𝑅𝐴
tr 𝑀𝑅𝜌𝑅

∝ Ω𝑅→𝐴
† 𝑀𝑅

𝑇 𝑋𝐴 ∈ ℳ𝐴
𝑆 ′

⇔ 𝑋𝐴, Δ𝜌
𝑡 ∘ Ω𝑅→𝐴

† 𝑀𝑅
𝑇 = 0, ∀𝑀𝑅 ≥ 0.



CPTP-maps as a matrix (superoperator)

𝑅𝐿𝐴 ≔ 𝐼𝐴⊗ log𝜌𝐴1
𝑇 − log𝜌𝐴⊗ 𝐼𝐴1 =ໄ

𝜂

𝜂𝑄𝜂

𝐸𝒯 =ໄ

𝜆

𝜆𝑃𝜆Superoperator of 𝒯𝐴→𝐴:

𝑃𝑉 = 2ໄ

𝜂

𝑄𝜂 𝑄𝜂 + 𝑃1
−1
𝑃1 𝑑𝐴 ⋅ 𝐶𝐴𝐴1 ≔ 𝑖𝑑𝐴⊗𝔼𝐴1 σ𝑖,𝑗 𝑖𝑖 𝑗𝑗 𝐴𝐴1

linear map from 𝐴 to 𝐴 operator on 𝐴⊗ 𝐴1 𝐴1 ≅ 𝐴

𝑉 ≔ໄ

𝜂

supp 𝑄𝜂 ∩ supp 𝑃1

ℳ𝐴
𝑆 ′

ℳ𝐴
𝑆 ′

 is the largest subalgebra of 𝐹𝑖𝑥(𝒯𝐴→𝐴) that is invariant under Δ𝜌
𝑡 ⋅ ≔

𝜌𝐴
𝑖𝑡 ⋅ 𝜌𝐴

−𝑖𝑡 for all 𝑡 ∈ ℝ.

Lemma 

generator of Δ𝜌
𝑡 operator subspace

subalgebra

The superoperator of 𝔼𝐴= the projector on 𝑉 The Choi state of 𝔼𝐴

[Anderson&Duffin, ‘69]
= σ𝑖,𝑗 𝐼𝐴⊗ 𝑖 𝑗 𝐴1 𝑃𝑉 𝑖 𝑗 𝐴⊗ 𝐼𝐴1



From the Choi state to the dimension

𝐶𝐴𝐴1 =ໄ

𝑖

𝑝𝑖𝜏𝐴𝑖
𝐿 ⊗ Ψ𝑖 Ψ𝑖 𝐴𝑖

𝑅𝐴1𝑖
𝑅 ⊗𝜏𝐴1𝑖

𝐿

𝜏: completely mixed state

Ψ𝑖: maximally entangled state
𝑝𝑖 =

𝑑𝐴𝑖
𝐿𝑑𝐴𝑖

𝑅

𝑑𝐴

The Choi state of 𝔼𝐴

rank 𝐶𝐴𝐴1 =෍

𝑖

dim ℋ𝐴𝑖
𝐿 dim ℋ𝐴1𝑖

𝐿 =෍

𝑖

dim ℋ𝐴𝑖
𝐿

2

rank 𝐶𝐴𝐴1 = ෍

𝑖

dimℋ𝐴𝑖
𝐿

2
≤ dimℋ𝑊 ≤ rank 𝐶𝐴𝐴1 .

dimℋ𝑊 =෍

𝑖

dim ℋ𝐴𝑖
𝐿 .Meanwhile,



From the Choi state to the dimension

𝐶𝐴𝐴1

𝐴𝑖
𝐿

𝐴𝑖
𝑅 𝐴1𝑖

𝑅

𝐴1𝑖
𝐿

𝐶 𝐴 ҧ𝐴𝐴1 ҧ𝐴1 =෍

𝑖

𝑝𝑖 Ψ𝑖 𝐴𝑖
𝐿 ҧ𝐴𝑖

𝐿 Ψ𝑖 𝐴𝑖
𝑅𝐴1𝑖

𝑅 Ψ𝑖 ҧ𝐴𝑖
𝑅 ҧ𝐴1𝑖

𝑅 Ψ𝑖 𝐴1𝑖
𝐿 ҧ𝐴1𝑖

𝐿 .

𝐶 𝐴 ҧ𝐴𝐴1𝐴1: the canonical purification of the Choi state 𝐶𝐴𝐴1

𝐴𝑖
𝐿

𝐴𝑖
𝑅 𝐴1𝑖

𝑅

𝐴1𝑖
𝐿

ҧ𝐴𝑖
𝐿

ҧ𝐴𝑖
𝑅 ҧ𝐴1𝑖

𝑅

ҧ𝐴1𝑖
𝐿

𝐶 𝐴 ҧ𝐴𝐴1𝐴1

𝐶𝐴𝐴1 =ໄ

𝑖

𝑝𝑖𝜏𝐴𝑖
𝐿 ⊗ Ψ𝑖 Ψ𝑖 𝐴𝑖

𝑅𝐴1𝑖
𝑅 ⊗𝜏𝐴1𝑖

𝐿



From the Choi state to the dimension

𝐴𝑖
𝐿

𝐴𝑖
𝑅 𝐴1𝑖

𝑅

𝐴1𝑖
𝐿

ҧ𝐴𝑖
𝐿

ҧ𝐴𝑖
𝑅 ҧ𝐴1𝑖

𝑅

ҧ𝐴1𝑖
𝐿

𝐶 𝐴 ҧ𝐴𝐴1𝐴1

Apply a unitary on ҧ𝐴 ҧ𝐴1 to minimize the entanglement between 𝐴 ҧ𝐴:𝐴1 ҧ𝐴1.

𝑈 ҧ𝐴 ҧ𝐴1
ҧ𝐴

ሚ𝐶
𝐴𝐴1 ҧ𝐴 ҧ𝐴1

ҧ𝐴1

𝐴𝑖
𝐿

𝐴𝑖
𝑅 𝐴1𝑖

𝑅

𝐴1𝑖
𝐿

(∃gradient algorithm [Zou, et al., ‘21])



From the Choi state to the dimension

𝐴𝑖
𝐿

𝐴𝑖
𝑅 𝐴1𝑖

𝑅

𝐴1𝑖
𝐿

ҧ𝐴𝑖
𝐿

ҧ𝐴𝑖
𝑅 ҧ𝐴1𝑖

𝑅

ҧ𝐴1𝑖
𝐿

𝐶 𝐴 ҧ𝐴𝐴1𝐴1

Apply a unitary on ҧ𝐴 ҧ𝐴1 to minimize the entanglement between 𝐴 ҧ𝐴:𝐴1 ҧ𝐴1.

𝑈 ҧ𝐴 ҧ𝐴1
ҧ𝐴

ሚ𝐶
𝐴𝐴1 ҧ𝐴 ҧ𝐴1

ҧ𝐴1

𝐴𝑖
𝐿

𝐴𝑖
𝑅 𝐴1𝑖

𝑅

𝐴1𝑖
𝐿

(∃gradient algorithm [Zou, et al., ‘21])

dimℋ𝑊 =෍

𝑖

dimℋ𝐴𝑖
𝐿 = rank ሚ𝐶 ҧ𝐴 .



Future direction (Motivation)



[from arXiv:1802.01040]

Tensor Networks

𝜓 = ෍

𝑖1,..,𝑖𝑁

𝑐𝑖1𝑖2…𝑖𝑁 |𝑖1… 𝑖𝑁ۧ

𝑐𝑖1𝑖2…𝑖𝑁 =

Various applications in quantum physics

Gapped systems

Critical systems High-energy physics



Contraction rule

𝐴𝑎𝑏
𝑖 ∈ ℂ

𝐴

𝑖

𝑎 𝑏 𝑖 = 1,… , 𝑑
𝑎, 𝑏 = 1, … , 𝐷

𝐴

𝑖

𝑎

𝑗

𝐵

෍

𝑏=1

𝐷

𝐴𝑎𝑏
𝑖 𝐵𝑏

𝑗
∈ ℂ,

𝐵𝑐
𝑗
∈ ℂ

𝑖 = 1, … , 𝑑′
𝑐 = 1,… , 𝐷

𝑐

𝑗

𝐵

• Open leg = index of the tensor

• Connected leg = sum over the index

𝐴𝑖 ≔ 𝐴𝑎𝑏
𝑖 : matrix |𝐵𝑗ۧ ≔ 𝐵𝑐

𝑗
: vector

𝐴𝑖 𝐵𝑗 = ෍

𝑏=1

𝐷

𝐴𝑎𝑏
𝑖 𝐵𝑏

𝑗

vector



Matrix Product states (MPS)

𝜓 = ෍

𝑖1,…,𝑖𝑁

𝑐𝑖1…𝑖𝑁 𝑖1𝑖2… 𝑖𝑁 ∈ ℂ𝑑
⊗𝑁

𝐴𝑖𝑘
(𝑗)
: 𝐷 × 𝐷 matrix (for each 𝑖𝑘 , 𝑗)

=

• The number of parameters needed to specify a MPS = 𝒅𝑵𝑫𝟐 ≪ 𝒅𝑵

• Always satisfies an area law of entanglement: 𝑆 𝑋 𝜓 ≔ −Tr𝜌𝑋log𝜌𝑋 ≤ log𝐷

𝜓 = ෍

𝑖1,..,𝑖𝑁

Tr 𝐴𝑖1
(1)
𝐴𝑖2
(2)
…𝐴𝑖𝑁

(3)
|𝑖1…𝑖𝑁ۧMPS



Renormalization Group flow of MPS

ℂ𝑑
⊗2

• MPS has a physically applicable coarse-graining operation.

𝐴

ℂ𝑑

ℂ𝐷
𝐴

ℂ𝐷
ℂ𝑑

ሚ𝐴

ℂ𝑑
ℂ𝐷ℂ𝐷

𝐴𝐴

ℂ𝑑
⊗2

=

Use the polar decomposition of tensor 𝐴𝐴 = 𝑉 ሚ𝐴 𝑑 > 𝐷2 𝑤. 𝑙. 𝑜. 𝑔. .

𝑉

=

• The RG-fixed point is achieved by iteration

• The RG-fixed point is useful to characterize e.g., quantum phases [Schuch et al., ‘11]



Matrix Product Density Operators (MPDO)

𝑀 𝑀 𝑀 𝑀 𝑀 𝑀 𝑀

𝑖𝑘

𝑗𝑘

𝜌𝑀𝑃𝐷𝑂 =෍

𝒊,𝒋

Tr 𝑀𝑖1𝑗1𝑀𝑖2𝑗2 …𝑀𝑖𝑁𝑗𝑁 |𝑖1𝑖2… 𝑖𝑁ۧ⟨𝑗1𝑗2… 𝑗𝑁| 𝑀𝑖𝑘𝑗𝑘: 𝐷 × 𝐷 matrix (for each 𝑖𝑘 , 𝑗𝑘)

• A natural generalization of Matrix Product States to 1D mixed states.

• A good ansatz for thermal states and steady states in 1D systems.

➢ Any Gibbs states of 1D local Hamiltonian can be approximated by a MPDO [Hastings ‘06].

MPDO ⊇ 𝜌𝐺𝑖𝑏𝑏𝑠 =
1

𝑍
𝑒−𝛽 σ𝑖 ℎ𝑖,𝑖+1



Renormalization fixed-points of MPDO

𝑀

A MPDO is a fixed-point MPDO if there are CPTP-maps 𝒮, 𝒯 such that

𝑀 𝑀

[Cirac, et al., ‘17] Introduces “renormalization fixed-point” MPDOs.

𝒯

𝒮

Theorem [Cirac, et al., ‘17] : 
If 𝜌 is a fixed-point MPDO and is simple*, then 𝜌 has a nearest-neighbor commuting parent Hamiltonian. 

*𝑀 is simple if none of the canonical blocks is traceless.

Caveat: A notion of renormalization flow is missing for these “fixed-points”.



Exact (reversible) RG-flow of MPDO?

We need to establish RG-flow (coarse-graining) for MPDOs

Unlike RG-flow for MPS (which is well-defined), one needs to reduce the entropy to keep the local 
dimension constant.

෩𝑀𝑀 𝑀
⊗

=
𝜎

𝑉

𝑉†

This is exactly given by the Koashi-Imoto decomposition!

𝜌𝑅𝐴 =ໄ

𝑖

𝑝𝑖 𝜌𝑅𝐴𝑖
𝐿 ⊗𝜔𝐴𝑖

𝑅



Exact (reversible) RG-flow of MPDO?

𝐴 𝐴𝐵

෨𝐵𝐴 𝐴

Λ𝐵→ ෨𝐵
𝑅𝐺 𝑅 ෨𝐵→𝐵

෨𝐵 < 𝐵

If ෨𝐵 can chosen to be O(1), then we obtain the desired RG-flow.

CPTP-map

Numerical test is on-going



Summary & Discussion

• We have studied one-shot and exact data compression of mixed quantum source

• We have obtained a formula for the minimum achievable dimension 

Summary

Future direction

Many-boy physics

• Application to tensor-network states?

Quantum information

• How about one-shot approximate scenario? 

• More sophisticated algorithm? Relation to entropic quantities?
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