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Quantum data compression

Data compression is one of most fundamental information processing.

Noiseless coding

}|X|

» Quantum pure information source: {p,, |¢,) Message: ¥y = {1,2, ..., |x|}

Averaged state: p, = Z|X|1px|¢x)(¢x|,4

Purified source: [Y)ga == |X|1 VDx|X)r|®x) 4
Rn

Task: minimize dimH,, under

I¢>§An CPTP-map CPTP-map D, © 8n(¢§4" ~ ng"




Noiseless coding theorem

Dy, o gn(lp}%ln) ~ wgéln

Quantum noiseless channel coding theorem [Schumacher, ‘95]:

Asymptotically optimal dimension of W:

1
lim —log(dimHyy) = S(p4).

n-on

S(py) == —trpylog,ps, von Neumann entropy



One-shot data compression

» What if we can only use one state?

|1/J>AR Do 5(¢AR)

Exact Do EWar) = Yur » dimJ{y, = rankp, No nontrivial compression

Approximate Do EWar) ~ Ysr WP [Berta,08][Datta, Hsieh, Wilde, ‘12],...




Mixed state source (asymptotic)

» What if we consider mixed state source?

Rn

Pra Dy, o 8n(p}(§4n) ~ p%n

The optimal dimension of W is given by Koashi-Imoto decomposition [Koashi, Imoto, ‘02]

PrRA = 69 Pi pRAli‘ ® (UA{?

i

1 » R is classical [Koashi, Imoto, ‘01
i — o) = § EpipRAL < Sy is classical [Koashi, Imoto ]
e : ' » R is quantum [Khanian,Winter, ‘20]




Koashi-Imoto (KI) decomposition

[Koashi, Imoto, ‘02][Hayden, et al., ‘04]

Consider a bipartite state pps € B(Hr Q H,), s.t.,, ps > 0.

There exists a decomposition 7 = @; H ;. ® H ;r s.t,,
l l
Quantumly correlated

—
PrA = 69 Pi pRAli‘ ® wAf
i —

Classically correlated
and for any CPTP-map A,(+) = trE(VA_mE : (VAQAE)T) satisfying Ay (Op4) = Pra,

Vasar = 69 IAI{ X VAILR_)AIL,%E )
: i
Vi g is decomposed as —

-I-
trg (VAﬁaAszwAl; (VA§—>A’§E) ) = WyR, vi.



Main problem in this talk

» One-shot, exact compression of mixed quantum source

PRrA D o E(Pra) = Pra

Question

What is the minimum dimension of Hy,?



Minimum dimension

Pra D o E(Pra) = Pra

The minimum achievable compression is also given by Kl-decomposition.

Hy = 69 Har ® Hyr » Hy = E} Myt

[ i

However, how to calculate dim#y;,?

The known algorithms to calculate KI-decomposition [Koashi, Imoto, ‘02] [Yamasaki, Murao, ‘19] are hard to
implement.



Main results

Consider any bipartite state pry € B(Hr @ H,). We restrict H 4 := supp(p,) w.l.o.g. (p4 > 0).

» Results (details in later)

We developed a way to calculate a pure state |C>A/TA1A_1 s. t,,
dimHy, = z dim?—[AlL = rank(C;) . A=A=A =4
L
Ca = traq,z; | CNC]
We also found bounds which are easier to calculate
Exact
2 diagonaliza
\/rank(CAAl) = 2 (dlm}[A%) < dimHy, < rank(CAAl). tion of2
\ T ds X dj

matrices



Classical case

PRA = Z p(T, a)Ir, a)(T, al
ra }[AE@}[A_L@}[AR, dim}[AL=1;Vi-

A nontrivial compression exists iff 3a, a’ s.t.
p(r|la) = p(r|a),vr.

p(r,a) = p(r)p(a) independent

p(rlay, a;) = p(rla;) Markov

KlI-decomposition is known as Fisher—Neyman factorization theorem [Fisher, ‘22][Neyman, ‘36]



Method



Minimal sufficient subalgebra

The condition Dy, 4 © E4ow (Pra) = Pra is equivalent to the following [Hayden, et al., ‘04]:

trp(M
Dwoa©Eamw(ta) =pa,VHES, §:= {'uA - tI;’EM}I:zgsl)

OSMRSIR}.

/ [JenCova&Petz, ‘06]

» The KI-decomposition of pp, is originated in the minimum sufficient subalgebra of §.
[JenCova, ‘12]

M = Alg{ulipz, ues,teR} = Alg{py p,p TV pes teR]

want to know the dimension

}[AEG }[AJL}E ﬁ MSE@Mat(}[A{,,C)@IA?
[

i




Strategy to calculate the dimension

MSEGEMat AL (c ®1

(]\/l:f)’ = {X,|[X,, Ya] = 0,Y, € M7} the commutant of M} = 69 I,0 ® Mat (7—[ g, C

» The conditional expectation E4 on (]V[A)

E () = 69 T, @ tr o (Il; - I1;), [1;: the projection onto H ;2 & H ,r.

i

T: completely mixed state
» Strategy

1. Obtain the Choi state of the conditional expectation [E4 on (]\/[A)

2. Extract information of d ;. from the Choi state.
l



Characterizing the subalgebra

» Petz recovery map: For a CPTP-map 7 and a state o > 0, define
1 1
ROE() = 02T (T (o)~ V2 - T(0)"Y?)0v.

» Several definitions

RA = p;1/2pRAp;1/2. Q};_,A(XR) = trp (]RA(XZ{ X IA)). Qup = (Qyu-p)°¢. complementary channel

Taoa = RES 40 Qanp.  Fix(Tasa) = {XalTpea(Xa) = X,}. fixed point algebra

Lemma (Mf)’ is the largest subalgebra of Fix(J,_,4) that is invariant under AZ(-) =
pit - prtforallt € R.

~1/2  -1/2 _ trr (MgJRa)
Pa FaPa tr(Mgpr)

o OF_, (MD) X, € (M5 & [X4,05 0 0f,(MP)] = 0,vMg > 0.



CPTP-maps as a matrix (superoperator)

Lemma (]V[/f)’ is the largest subalgebra of Fix(J,_,4) that is invariant under Af) ()=
pit - prtforallt € R.

linear map from Ato A operatoron A Q@ A; (A; = A)

\ / _ (MAS), subalgebra

Superoperator of T, _, 4: Er = @ AP
; L |
RLy =1, @ logps, —logpy ® I4, = C) nQy V= 69 supp(Qn) N supp(P;)
1 - n
\ generator of AE) operator subspace
The superoperator of [£,=the projectoron VV The Choi state of E,

p=20D 0,0, +P) P () di Cus, = (ids ® Ea) Tiglii)ilas,
n

[Anderson&Duffin, ‘69] - Zi,j(IA ® |i>(j|A1)PV(|i><j|A ® IAl)



From the Choi state to the dimension

» The Choi state of E,4

T: completely mixed state d,rd,r

Y:: maximally entangled state dy

B ank(Cun) = Y dim (1)t (3,5) = 3" (om 5,))

i

Meanwhile, dimHy, = 2 dim (}[A%) :
i

\/rank(CAAl) = 2 (dim}[A%)z < dimHy, < rank(CAAl).
\ i




From the Choi state to the dimension

|C) 444,77 the canonical purification of the Choi state Cy4,

Can, = E} PiTyL ® [P N ¥ AR AR, ® Tar. — |Cadaa, = Z‘/Ellmfl%ff%|LP">A5A'§lwi)ﬁﬁ?ilqjﬁfliiﬁi '

L i
Af AY;
’M\\
A ¢ ¢ Al
L L
e J Af @ Ag,
M \\M
Ali!2 A}fl A? Alfl



From the Choi state to the dimension

Apply a unitary on AA; to minimize the entanglement between AA: A, A;.

(3gradient algorithm [Zou, et al., ‘21])

--------------------------------------------------------------
*

' 1R 1R
A; Ay,
E ’M\
E =, pd \\\
: A
AL
l \\\ /,’
\ . . U4
R R
A; A7

|C )A/TAlA_l




From the Choi state to the dimension

Apply a unitary on AA; to minimize the entanglement between AA: A, A;.

................ ) JU A
Ai Ali A
/M\ A

‘.
************************************************

dimHy, = z dimH . = rank(Cy) .
i

Af 4 & At Af‘ [
\\. .I, \\\ ,/,
A7 ATy AR AR
|C>A/TA1A_1 | >AA1AA1

(3gradient algorithm [Zou, et al., ‘21])



Future direction (Motivation)



Tensor Networks

lY) = z Cijiy.iy |11 - IN)

i1, iN

Gapped systems

PICY,
PICPICY:
PICOICLP IV,
OICPICOITOITY.
OICOICOICYLICLITY,
 PICPICPICLITY
03( I g’( g’( l SR
PICY;

Critical systems High-energy physics

Various applications in qguantum physics (from arXiv:1802.01040]



Contraction rule

 Open leg = index of the tensor

i J
Agp € C B, €C
i=1,..,d i=1,..,d
ab=1,..,D c=1,..,D

At = (AL,): matrix |BJY == (B]): vector

 Connected leg = sum over the index

vector




Matrix Product states (MPS)

. QN
lY) = 2 Ci,.iyll1lz o iy) € ce

i1, N

MPS |y = Z Tr(Agll)Alf) ...Afv))ul i)

i1, iN

Agc): D X D matrix (for each i, j)

0

A - m

1

ly N

The number of parameters needed to specify a MPS = dND? « dV

Always satisfies an area law of entanglement:

5(X)y == —Trpxlogpx < logD



Renormalization Group flow of MPS

* MPS has a physically applicable coarse-graining operation.

a®?2
| 2 |
%
ct | (e’ ca
CD (CD_ . @D ~ (CD
— 4 A= = | a4 |~ = “HAip

Use the polar decomposition of tensor AA = VA (d > D? w.l.o.g.).

* The RG-fixed point is achieved by iteration

* The RG-fixed point is useful to characterize e.g., quantum phases [Schuch et al., ‘11]



Matrix Product Density Operators (MPDO)

PMPDO = Z Tr(M;, ;, My, i, . My i ) iziy o in) Gz - Jnl M, j.: D X D matrix (for each iy, ji)
ij

* A natural generalization of Matrix Product States to 1D mixed states.

* A good ansatz for thermal states and steady states in 1D systems.

» Any Gibbs states of 1D local Hamiltonian can be approximated by a MPDO [Hastings ‘06].

MPDO 2 PGibbs = %e—ﬁ Zihi,i+1



Renormalization fixed-points of MPDO

[Cirac, et al., “17] Introduces “renormalization fixed-point” MPDOs.

A MPDO is a fixed-point MPDO if there are CPTP-maps &, T such that

Theorem [Cirac, et al., ‘17] :
If p is a fixed-point MPDO and is simple*, then p has a nearest-neighbor commuting parent Hamiltonian.

*M is simple if none of the canonical blocks is traceless.

Caveat: A notion of renormalization flow is missing for these “fixed-points”.



Exact (reversible) RG-flow of MPDO?

» We need to establish RG-flow (coarse-graining) for MPDOs

Unlike RG-flow for MPS (which is well-defined), one needs to reduce the entropy to keep the local
dimension constant.

AMHME =M

This is exactly given by the Koa hi-Imlr)to decomposition!

PRA = @pl pRA% X Cl)AliQ
{




Exact (reversible) RG-flow of MPDO?

A | | | Bi | | | A
B I I ) I ) I ) I ) I I
CPTP-map  ARC - Rs_p
A | ? Ilé1 ~
_ — |B| < IB]
I I I

If |§| can chosen to be O(1), then we obtain the desired RG-flow.

Numerical test is on-going



Summary & Discussion

» Summary

* We have studied one-shot and exact data compression of mixed quantum source

e We have obtained a formula for the minimum achievable dimension

» Future direction

Many-boy physics

* Application to tensor-network states?

Quantum information
* How about one-shot approximate scenario?

* More sophisticated algorithm? Relation to entropic quantities?



	既定のセクション
	スライド 1: Exact and Local Compression of Quantum Bipartite States
	スライド 2: Quantum data compression
	スライド 3: Noiseless coding theorem
	スライド 4: One-shot data compression
	スライド 5: Mixed state source (asymptotic)
	スライド 6: Koashi-Imoto (KI) decomposition
	スライド 7: Main problem in this talk
	スライド 8: Minimum dimension
	スライド 9: Main results
	スライド 10: Classical case
	スライド 11: Method
	スライド 12: Minimal sufficient subalgebra
	スライド 13: Strategy to calculate the dimension
	スライド 14: Characterizing the subalgebra
	スライド 15: CPTP-maps as a matrix (superoperator)
	スライド 16: From the Choi state to the dimension
	スライド 17: From the Choi state to the dimension
	スライド 18: From the Choi state to the dimension
	スライド 19: From the Choi state to the dimension
	スライド 20: Future direction (Motivation)
	スライド 21: Tensor Networks
	スライド 22: Contraction rule
	スライド 23: Matrix Product states (MPS)
	スライド 24: Renormalization Group flow of MPS
	スライド 25: Matrix Product Density Operators (MPDO)
	スライド 26: Renormalization fixed-points of MPDO
	スライド 27: Exact (reversible) RG-flow of MPDO?
	スライド 28: Exact (reversible) RG-flow of MPDO?
	スライド 29: Summary & Discussion


