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Variational Quantum Algorithm (VQA)

VQA - use a classical optimizer to train a quantum circuit

1. Initialize a circuit with an input state
2.  Run & measure to get the cost
( 3. Update circuit parameters D

4. Converge and get the desired circuit

VQA cost function:

input state

______________________________

a task-dependent observable circuit (ansatz)
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What is Barren Plateaus (BP) ?

Barren plateau = exponentially vanishing gradients (in the number of qubits) a)

i E[auC] = 07 Val”[aMC] c O(b—n)7 b>1 i randomness from where?

- random initialization
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Note that quantum advantage is realized only for a large number of qubits



Why there is BP ? o

* |ntuition: concentration of measure from Haar 6
(Levy’s lemma)
, . ¢
* MCClean s BP theorem says z'deSIgn IS enOUgh Dimension T Concentration T Flatness 1

t-design: i % Z Pt,t(V) = / du(V)Pt7t(V>i “pseudo-Haar”
| U(d) E

(match Haar up to the 2" moment)

. H _ . . . . . .
One line proof (exact 2-design is exactly integrable just using formula) e_ZHMQM CH,p(U) _ tr(HUpUT)

Cost: 1-degree
Gradient: 1-degree

Variance: 2-degree

_____________________________________________________



An example circuit showing BP

e Hardware efficient ansatz
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* Many global-repeated-layer-type ansatzes are 2-designs when the number of layers is large

e.g., 10xn layers of Ry-CNOT or U3-CNOT.
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How to avoid BP ?

* Shallower? But we also want sufficient expressibility B Ui G Cost Buniction Land
nitary Group > andscape
* Natural gradient descent?
. UQ o,
e Gradient-free method ? s U

* Gate-by-gate optimization ?

* Reparameterization ?

e (Clever initialization?

* Designed architecture ?

* Adaptive method ?

Accessible space U

— We need more information to guide us !
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Beyond gradients

* Variation range of cost function

AC gradient = vicinity

h Variation range

via adjusting a local unitary

Whole system: n qubits
Subsystem A: m qubits
Subsystem B: n-m qubits

* Locality of quantum circuits

"""""""""""""""""""" here
local = acting on few qubits

I I N ' : L — ] e.g. Rx,Ry,Rz +
a— 1 L O R CNOT
: S : . P V| H

Definition 1 For a generic VQA cost function Cy ,(U) in
Eq. (1), we define its variation range with given V1, V5 as

AH,p(Vl, VQ) = maXC'va(U) — min CH’p(U), (2)
UA UA

where the maximum and minimum with respect to U, are
taken over the unitary group U(2™) of degree 2™.



Main theorem [(—— =
— H H

* Variation range is :_::: :
exponentially small ! —
i ]

Theorem 1 Suppose V1, V4 are ensembles from which V1, V5
are sampled, respectively. If either V1 or Vs, or both form
unitary 2-designs, then for arbitrary H, p, the following in-
equality holds

w(H
Ev, v, [Am,,(V1, V2)] < 271/2(_%, 3)

where Ky, v, denotes the expectation over Vi, Vq indepen-
dently. w(H) = Amax(H) — Amin(H) denotes the spectral
width of H, where A\ (H) is the maximum eigenvalue of H
and Apmin (H) is the minimum.

4 ™
Bont Cost —
0OS
———————————————————————— A -—
':> . 0(2 7n/2) D
2 \/ ............ Voo
Update Local Unitary @
\ r — : J

+ non-negativity & boundness—

w*(H)
Vary, v, [Am,, (Vi Vo)l < 555
+ Markov’s inequality —
1 w(H)
Pr[Ap,(Vi,V2) > €] < < onj2—3m—2

+ design unitary preservation —

global gate obeying parameter-shift rule



Sketch proof

1. reduce to traceless H

______________________

Ev, va [Am,,(V1, V2)] <

w(H)
— 9n/2—-3m—2

3.(a) Pauli decomposition on A

Fommmmmmmosmsomsosoosoooo-ooos T
Vo 7 B A 7 ~A o AB
i H = trp(H)® o=+ o @tra () + z; 6, @07 |

j= .

____________________________________________

r [(ULOAUA) trp ((IA ® Op) vva)] ‘

< [ehoatal, s (dn= 0mvor),

4.1f V, is 2-design, similar spirit
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Case study 1: VQE

* Variational quantum eigensolver (VQE) H: Hamiltonian of a physical system, p: zero state
1-d antiferromagnetic Heisenberg model
———---- ST Tm T mmmmmmmmmmmmmmooe i = 10‘§ (9(2_”/2) tight scaling
H =) (XiXig +YiYipn + ZiZig) ERl
1 =1 : — |
e = ::;‘ 100; V;, is 2-design
- - = —{+— V; is 2-design
‘0> ] RY(Z) _:_ RP1,1 (01,1) : ’ <§> i —— Both are 2-designs
|0> _ | RY(%) L] RP1,2 (91 2) - ﬂlo,lg —/— Upper bound
| | <10'F
|0> ] RY(Z) _:_ RP1,3 (01,3) : : ﬁ E (a)
- | - i
Py ey IR G i
L _i __________ 1 x10n number of qubits (n)
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Case study 2: autoencoder

* Quantum autoencoder (QAE) H: zero state of discarded qubits, p: given state
1-qubit compression encoder -
e i 101; 0(2—71/2) tight scaling
' — i Expression from = E
' H |O> <O ‘ R ® [Q E relaxation of fidelity >ﬁ -
e e e - S n
= V, is 2-design
G'IR g, 10(); —{— V, is 2-design
. 0y — 4 - —— Both are 2-designs
10)— H - Zf i =/ Upper bound
: =L
I € " p L
PRQN | ; 1071; (b)
— g
S : ——{—+] > 3 4 5 6 7 8§ 9
7Q number of qubits (n)
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Case study 3: state learning

Quantum state learning (QSL)

: CQSL(U> = —F(O‘, UpUU E (generally)

Proposition 2 Let Cqsr, be the cost function defined in (16)
on an n-qubit system. Suppose V1,Vo are ensembles from
which Vi, Vs, are sampled, respectively. If either V1 or Vo,
or both form unitary 1-designs, then the following inequality
holds

1
Eviva [AqsL(V1, V2)] < on—2m’ (17)

where Ky, v, denotes the expectation over V1, Vy indepen-
dently.

(even a single U3 layer is 1-design)

Ev, v,[AqsL(V1, V2)]

H: target state, p: zero state

10°

107
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T T T T T 11171 T T T T T 1117
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Vs, is 2-design
—{— V; is 2-design
—— Both are 2-designs
== Upper bound

O(Z_n) tighter
scaling

(c)

number of qubits (n)
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Beyond BP? o

0(’“) :04‘2&:1 (GL_eu)el/ dl —————— ’
1. Independence with optimizer (gradient-free methods are based on cost difference)

Unify the restrictions of gradient-based & -free naturally
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2. Independence with parameterization

The proof has nothing to do with how 8 enters a gate

3. The whole unitary
Useless to replace Ry with U3 when encountering BP

4. state learning suppressed for 1-design

Fidelity is a poor choice for random circuit training

(parameter-shift)
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Guidance from this work

Theorem 1 Suppose V1,V are ensembles from which V1, Vs
are sampled, respectively. If either V1 or Vo, or both form

* Natural gradient descent unitary 2-designs, then for arbitrary H, p, the following in-
equality holds
* Gradient-free method w(H)
IE:V1,V2 [AH,P(Vh VQ)] < on/2—3m—2 3)
° Gat@'bY‘gate Optimization where By, v, denotes the expectation over V1,V indepen-
dently. w(H) = Apax(H) — Amin(H) denotes the spectral
) ) . I T H) 4 . I
° Re para meterization Z,V,flﬂ)l\ of (];rv)v?;;;ljmmign M?ﬂz.s the maximum eigenvalue of
* Clever initialization ? :‘I

Proposition 2 Let Cqgy, be the cost function defined in (16)
on an n-qubit system. Suppose V1,Vy are ensembles from

® DeSigned architecture ? which Vi, V5 are sampled, respectively. If either Vi or Vs,
or both form unitary 1-designs, then the following inequality
. hold.
e Adaptive method ? o
1
Eviva [Bast(Vi, Vo)l < o (17)
[ ]

where Ey, v, denotes the expectation over Vi,V indepen-
dently.
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Summary

* Barren Plateaus |:> Our theorem (variation range)

o

~
Cost S
———————————————————————— Ao —
| o2 || |
B bl
Local Unitary O
[ [ 7/

» Case study: VQE, autoencoder, state learning (tighter bound)

* Implication: reproducing BP, guidance for strategies, ...

* Explore the potential solutions

* Go beyond local optimization
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