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1. Introduction

« Maxwell's demon|[1]
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Fig. 1. Maxwell’'s demon|1]

Feedback control can decrease entropy
— How to make feedback control and 2nd law consistent?

[1] J. C. Maxwell, Theory of heat (Appleton, London, 1871)



1. Introduction

« Sagawa and Ueda’s solution

« Sagawa and Ueda (2008)[2]: feedback control allows us to extract
more work beyond the conventional second law

« Sagawa and Ueda (2009)[3, 4]: however, the work feedback
controller needs for the measurement and resetting its memory
(erasure) compensates the excess

[2] T. Sagawa and M. Ueda, Phys. Rev. Lett. 100, 080403 (2008)
[3] T. Sagawa and M. Ueda, Phys. Rev. Lett. 102, 250602 (2009)
[4] T. Sagawa and M. Ueda, Phys. Rev. Lett. 106, 189901 (2011) (the erratum of [3])



1. Introduction

Problem: The measurement process considered by Sagawa
and Ueda is not general

/ Feedback control and erasure protocol with all qguantum \
measurement processes

Sagawa and Ueda }
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Fig. 2. Sagawa and Ueda and our work
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7. Thermodynamics

e The first law of thermodynamics

Qin AU = Win

Fig. 3. Internal energy change due to heat and work

AU = Qi + Wiy
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7. Thermodynamics

 The second law of thermodynamics

« Kelvin’s principle: No cycle can convert all heat received from one
heat bath to work

« Clausius’ principle: Heat does not spontaneously move from a low
temperature object to a high temperature object

« Entropy non-decreasing law (an isolated system or an adiabatic
process): AS >0

e Wext < —AF (an isothermal process)
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2. Thermodynamics Cﬁ Te

« Helmholtz free energy: F:=U —TS Fig. 4. Isothermal process
|Isothermal process: AF = AU — T,AS
Wi, = AF
The 1stlaw: AU = Wi, + Qin - Or
o . Weaoxr < —AF
Clausius’ inequality: T,AS — Q;, = 0 (ClausilJe;(—Etype nequality)

2023/9/7 Shintaro Minagawa Shenzhen-Nagoya Workshop on Quantum Science 9



3. Basic notions

« Hamiltonian: H4

 Averaged energy: E(p4; H4) = Tr[p4H*]
* Inverse temperature: 8 := k—lT >0

- Partition function: Z4 := Tr e=FH"

e‘ﬁHA

 Gibbs (thermal equilibrium) state: y4 = —

» Equilibrium free energy: Ff == —f~ ' In Z4



3. Basic notions

» Von Neumann entropy[5]: S(p#) or S(4) ,: = —Tr[p* In p*]
« Umegaki relative entrpy[6]:
D(p2||c?) = Tr[pAlnp?4 — pAlnc?] (64 = 0)
 Quantum mutual information: I(4:4"), == 5(4), + S(4"), — S(44"),
» Nonequilibrium free energy [7]: F(p#; H®) = Ffy + B~ D(p?||ly*)
Important formulal7] : F(p4; H4) = E(p%; H*) — B~15(4),
[5] J. von Neumann, Mathematical foundations of quantum mechanics (Princeton University Press, 1955).

(6] H. Umegaki, Proc. Japan Acad. 37, 459 (1961).
[7] M. Esposito and C. Van den Broeck, EPL (Europhysics Letters) 95, 40004 (2011).



3. Basic notions

e Quantum instruments and indirect measurement [ 8]

p— M

Fig. 5 Quantum instrument

My (p)

M, is a CP linear map and
ZkMk is TP

[8] M. Ozawa, J. Math. Phys. 25, 79 (1984).



3. Basic notions

« We say that instrument M is efficient it M, has only one
Kraus operator for each measurement outcome k

« Groenewold--Ozawa information gain |9, 10] is defined as
Igo: = S(A)pre — S(AlK)post
e QC-mutual information[2] is defined as

g = S(Apre — T e (T2 (B, POVM)

For efficient instruments, Igo = Igcl11]

[9] H. J. Groenewold, Int. J. Theor. Phys. 4, 327 (1971).
[10] M. Ozawa, J. Math. Phys. 27, 759 (1986).
[11] F. Buscemi, M. Hayashi, and M. Horodecki, Phys. Rev. Lett. 100, 210504 (2008).
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4. \Work for controller-assisted information processing

A —
Po — ]
D {40 Weke = —AE§.,, = E(Péq) E(Tf)
o0 . : . | pAoB

The first law during 1—2
g L - AEC,, =Wy +Q
| | — ¢ where Q := —AE?,, is heat absorbed

fo g & by the system
Fig. 7. controller-assisted information N —_
processing followed by a unitary 1n v AE1—>2

interaction with the thermal bath

S. M., K. Sakai, K. Kato, and F. Buscemi, arXiv: 2308.15558 (2023)



4. \Work for controller-assisted information processing
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Fig. 7. controller-assisted information
processing followed by a unitary
interaction with the thermal bath
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4. \Work for controller-assisted information processing

A —
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D ¢
C 1 ACB
O-O —> > L 2
'VB :
} C
| | | - 1 Wext = Wext I/Vm
to 1 15

Fig. 7. controller-assisted information
processing followed by a unitary
interaction with the thermal bath



4. \Work for controller-assisted information processing

A —

Po — —
AC

o P e AI(AC)ynp = 1(A: ), — I(A:C); < 0 [12]

0 - 2

V I(C:B),, =0, D(w5]ly®) = 0[13]

B . N

k ] [12] B. Schumacher and M. A. Nielsen, Phys. Rev. A 54, 2629 (1996).
—1 [13] O. Klein, Z. Phys. 72, 767 (1931).

to t1 to

Wext — AF0—>2 b [ASO—>1 — AI(A:C)q,, + I(C:B)a)z + D(C‘)IZBHVB)]

Theorem 1 (Clausius-type inequality)
Was < —AFES,
& AS§S, — AI(A: €)1, + 1(C:B),,, + D(w3|ly?) = 0




h. Feedback control and erasure protocol

p64 —> )Z/{k >
M M M
,O(J)W —> > > > P4 = Po
M
[ > 1 V — [0)0[
o > —
i i i i — 1
t() tl t2 tg t4

Fig. 8. Feedback control and erasure protocol
S. M., K. Sakai, K. Kato, and F. Buscemi, arXiv: 2308.15558 (2023)



h. Feedback control and erasure protocol

A -

Po — : L — Uy
D ¢ y U
ag_. R . _W?CB C N MK Po K—) M
1% 10Y0] . %
v? T ad B
to t 75'2 ! to t=1 to t3 ly4 !
Theorem 1
Weigc‘ = _AF64—€2
& AS§S; — AI(A: C)152 + I(C:B)y,, + D(w5]lyE) =0
Theorem 2
WK < —AF{K
& ASGES — AI(A: MK) 3,4 + I(MK:B) ,, + D(pz|ly®) = 0
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0. A generalized second law of information thermodynamics

p —> >
) D {40 Wkt = —AEg,, = E(P ) E(T )
067 N , N glCB
’YB V I I/ViC = AEO—)l + AE1—>2
| | —
to t1 to

Fig. 7. controller-assisted information
processing followed by a unitary
interaction with the thermal bath



0. A generalized second law of information thermodynamics

Work formula for the work extractable Po
from the system 0§
Wext T AFO—>2 IB_lA564—>2 ~B

D

* AF(I)q—>2 — AF64—>4/ AS(I)4—>2 — AS(I)4—>3

to

. ACB
Wy

Uy,

* S(A)po — S(A)p3 — S(A)po - S(AlK)pz —I1(4; K)p3
< S(4),, — S(AIK),, (1(4; K)p, = 0[13])
Theorem3 W&, < —AFg,, + B0 A
(Igo = S(4),, — S(A|K),,) 0)0]"

2023/9/7 Shintaro Minagawa
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0. A generalized second law of information thermodynamics

o —
’TAC
Work formula of the controller: oo | Pl — e
C _ ARC = C . B
W = A, + B YA +1(C:B)y, +D@EIYD] | , Y
+ C > MK W b o
* ASg—>1 - A'S‘(I)VI—{{Z
* D(@F]ly?) > D(Zly®) = 0
« AFS,, » AFYE = 0 (because of the erasure) #—7, Ui
 Strong subadditivity of entropy|[14] a M
joxol™ V
Theorem4 5
Vl/ilr\l/IK = IB_l[AS(I)qi/IZK + IGO] to f £ ty fn !

[14] E. H. Lieb and M. B. Ruskai, J. Math. Phys. 14, 1938 (2003)
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0. A generalized second law of information thermodynamics

General measurement process | @ 7, (L
° A A —1 pyt —— g > —
Wext = —AFso4 + o o0 | o R O I
o W.MK —11A CAMK
Win~ = 7 "[AS5=2 + ol > { -

If M is entropy non-reducing:

information thermodynamics
AMK __ A MK A
Wext — Wext o I/Vin = _AFO—>4

ASEME >0 A generalized second law of
we have »

Wit = B go
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0. A generalized second law of information thermodynamics

Our result (valid for general measurement processes
s Wet < —AFs, + B o
s Wi = BTHASGES + Igo]

Sagawa and Ueda’s results|2, 3, 4] :L P M

* Wext S _AFéqq'O—"* + B qc 0301 g
MK )

* Win~ = Iqc :
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0. A generalized second law of information thermodynamics

« Sagawa and Ueda’s assumption|[2, 3, 4]
(A1) M is projection— ASZME > 0[15]

(A2) The target system’s measurement
process is efficient—1Igo = Io¢ [11]

(A3) The target system’s initial state is
the Gibbs state——AFg,, < —AF% 54

[15] M. A. Nielsen and I. L. Chuang, Quantum Computation and Quantum
Information: 10th Anniversary Edition (Cambridge University Press, 2010)

i Ui,

Py —— SN

jo)o[* . V —

=5

2023/9/7 Shintaro Minagawa Shenzhen-Nagoya Workshop on Quantum Science

t

Wt < —AFL, + B g0
Wik = BHASES + Igo]

——

Sagawa and Ueda’s results
Wext < —AF& 0-a + B Hoc
Win© = Igc
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0. A generalized second law of information thermodynamics

« Abdelkhalek et al. (2016)’s assumption[16] L | =l

(A1) M is projection— ASAMK > ¢ | ™"

+ tIO tll tl2 2;3 tl4

* Wexe < —AFgLs + B o » A
s Win " = BTHASEEY + Igo] ext

MK A
o l/Vin < —AFyL,4

[16] K. Abdelkhalek, Y. Nakata, and D. Reeb, arXiv:1609.06981 (2016).
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/. Conclusion

« We analyze the work associated with the feedback control
with a general quantum measurement process

 Necessary and sufficient conditions for the Clausius-type

inequality was obtained
W < —AF{NK o ASEYF — AI(A: MK)3.,, + I(MK:B),, + D(pZ|ly?) = 0

ext

« Two bounds of work hold in general measurement processes:
* Weie < —AFgL, + B o
* Win'© = B7HASEEE + Igo]

« Entropy non-reducing measurement— w4, - WX < —AFg,,

S. M., K. Sakai, K. Kato, and F. Buscemi, arXiv: 2308.15558 (2023)



