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Primer [Kitaev06, Bais-Slingerland-Haaker09, Davydov10, Kitaev-Kongl2, Davydov-Miiger-Nikshych-Ostrik13, Kongl4]

e A 2d anomaly-free topological order can be described by a unitary modular tensor category
(MTC) € (with a central charge c).

e A 2d condensable (indecomposable commutative separable) algebra A € € can be condensed to
create new topological order, described by the category CL9°.

e Anyons that are confined from going to the condensed phase form a 1d domain wall described by
a fusion category Ca.

e A 1d condensable algebra B € €4 can be condensed to create another domain wall 5(Ca) 5.

2d condgnsation > eloc ~ eloc
GA Ay ﬁ Az
@ % -Bl(@A)Bl szc Al Q—Mta A2
3
E 5, (Ca) B,

Motivation: classify 2-Morita equivalent A;

1— Morita,

A
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Ca,

Ca,

Invertible domain walls can appear in a 2d topological order, which are classified by the group .Autbr(e)
of braided auto-equivalence. In the condensed phase we distinguish two kinds of invertible walls:

e @ is induced from the auto-equivalences ®’ in the original phase;

e & is induced from the algebra automorphisms of 2d condensable algebra A;.

~

. o 2-M
We denote the first situation by A; (:”m As in which ¢ : Cl"c — Cl"c serves as an interchange of

anyons between (?l‘” and (:’l“ All gapped domain walls (1 codimensional defects) within a 2d
topological order € can be classified by (A1, A2, ¢) in the sense that Ca, &clgc @&C%C Ca, ~ BCpB.
1 2
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2— Morita

Zl(B)ZAl T AQZ’ZT(B)

Theorem (Based on [Frshlich-Fuchs-Runkel-Schweigert 06])

The triples (A1, A2, @) in © are classified by (1-Morita classes of) indecomposable separable algebras
B; in C, in which A1 = Zi(B;) and Az = Z,.(B;) represent the left and right centers of B;.

e eloc A eloc e E»
A, ¥ Ca, o — e e ¢
! open Age (B
ANY

1
1
GAl 0] eAg

Theorem (Based on [Davydov-Nikshych-Ostrik 12])
We have 5Cp ~ Cyz,(B) &ez,zoc(B) P &ezznc(B) Cz,(B) where ® is given by an equivalence of MTCs
L "
1 ~ ol
Czm) — Czum)
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Example: 2d Toric code model TC := 3(Vecz,) H:=3, (1 —Ay) +35,(1 —Bp)

Eg, we can add a local trap Ay, , +Bp, , to the original Hamiltonian:

2 2
Ht Ao +Bpy ) = S o1 = Au) + Ty, (1= Bp) 42
2’ 2

The new ground state subspace of is 4-fold degenerate, which can be
distinguished by the eigenvalues of Ay, , =41 and By, , =41
272

The topological excitation generated by the local trapis 1 & e®m & f.
Lattice realizations of 1d condensable algebra B; locally.

1de 1&m 1dedmaf 1dmbedf,w

Avg,o +Bp Bp

—_

B + A
P 1 1 V0,0
Avo,o 30 -3 '

[N

[N
[N
[V

Condensing B; in TJC is equivalent to removing these thick edges for all k along the neighborhood of column 0.
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2d condensation

left center right center
< - =
1® e~ Z,(Bs) Z(Bs)~1®m 7621(35) ~ Vecg, Rep(Zg):iT@ZT<BS)
5|¢
X
e ﬁ D
| @ §
2|® 8
o —
O
- o C\S

-«

B TCB5 ~ Vecz, X Rep(Z2)

5 =~

Hwall:H'i'ZAvo,k +ZBp; r—l = Z (I_AU)+ Z (1_Bp)+2N
k k 272 VAV, k p#péyk_%

Bs =1@®e®mef located on the domain wall can not expand itself freely into the 2d bulk. However, its
sub-algebra 1 & e/1 & m can be expanded to the left/right bulk. The half braiding Sm,e = Id happening in the
left side of the wall is trivial, however, 1 & e is blocked from going to the right bulk due to the non-trivial
braiding fe,m = —Id in JC. Similarly, 1 & m in this case is blocked from going to the right bulk.
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Bs =1@®e®m®f can be regarded as the tensor of two commutative algebras Ae := 1 @ e and
Am :=1® m. Here we show that the subalgebra 1 @ e = Ac ® 1 of Bs = Ae ® Am is the left center Z;(Bs).
Indeed, the following diagram commutes:

(Ae ®1) ®(Ae ® Am) —9 (Ae ® Ae) ®(1® Am

BAm,Ae O Ae ® Am

(Ae ® Am) ®(Ae ® l)ﬁﬁ (Ae ®Ae) ®(Am ® 1

In addition, the following diagram does not commute,

BAm, Ae

(1® Am) ®(Ae ® Am) —

. N =
/

(Ae ®Am) ®(1 ®Am) m (Ae ® 1) ®(Am ® A

(1®Ae) ®(Am Q@ Am

Ae ® Am

since By, Ay, = id @ id @ id © Be;m = id @ id ®id @ —id and S4,,, 4, = id. For a similar process, we have

Zr(Bs) =1 @® m. Therefore, Z;(Bs) 21 d e 2 Morite ) gym Zr(Bs).
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A R 2—Mori R o .
2-Morita equivalent condensable algebras A i Chs Aszin € can also be classified by lagrangian algebras

(maximal 2d condensable algebras) L;in € X € ~ 3(€). In particular, L; ~ Z(B;) [Kong-Runkel 09].

CAl C:’A2 >

BCB
fuse
e (:’l/ff (?54"; e e e

\ 3@ /°'d

e

LNECRT) =4 2*3‘—453“" Ay =LN(1KE)

Theorem

Given any pair of 2-Morita equivalent algebras A, 27@” As in €, Ca, Iz@f&’“ P &sz?c Ca, is
1 2
equivalent to 3(C)r as monoidal C-C-bimodule for some lagrangian algebra L € 3(C).
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For example, by intersecting 11 @ me @ em @ ff € TCX TC with T€X1/1 X T€, we obtain 1

similarly, starting from 11 @ el @ 1m @ em, we obtain 1 ® e

2—Morita
—

2—Morita
— 1;

1® m.

B; € TC Z(Bi)/Zr(Bs) Domain wall Lagrangian algebras L; € TG X TC
1 1/1 trivial wall 11®ee® mm® ff
1af 1/1 e — m exchange 11®me®em® ff
1de 1de/lde Vecz, M Vecz, 11 el ® ledee
1&m 1¢&m/1®&m | Rep(Z2)XRep(Zs2) 11 ® m1 ® 1m & mm
1®oe®mof 1®e/l1dm Vecz, K Rep(Z2) 11del ®1lmdem
1®edm®f,w 1dm/lde Rep(Z2) ® Vecy, 11 ml @ 1e ® me
I P FEo conde?:ai]l?(lee algebras Conde;g;c)ic phase Domain walls Total: 6
Zo Zo 15m . .
Vec Te Vec Te non-invertible:
{e} | {e} 1de 2x2=4
2 2
2
Zy | {e} 1 Te : invertible: 2
Jge | Je
I
|
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Maln results [Fréhlich-Fuchs-Runkel-Schweigert06, Kong-Runkel09, Davydov10, Davydov-Nikshych-Ostrik12]:

We give a complete interplay between E; condensable algebras in C, 2-Morita equivalent Fo
condensable algebras in €, and lagrangian algebras in € X C.

Ca, ¢ Ca, 5Cn
i
:
‘
G Clre < el |IE e e
:
:
2-Morita equivalent Left and right center 1-Morita class of 1d
condensable algebras in C Extended tensor condensable algebra in C

Symmetry ¢ + Extension Full center

M with components Forget

Lagrangian algebras
in3(C) ~CXE

3(@)L

3(€)
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Using these equivalences, we can classify all indecomposable gapped domain walls within a topological order,
especially in Kitaev quantum double models described by 3(Vecg) [Kitaev03, Davydov10].

Results of 3(Vecz, ) := QD(Z4)

I o Condfansable algebras | Condensed l[fc\ase Domain walls Total: 22
in QD(Za4) QD(Z4)%
1 2 3]
{e} {e} @ ‘; de 2@ © ) non-invertible:
Za Za 1Gedm”af Vec QD(Z4) | Vee |QD(Z4) 3%x3-9
Zg Zia 19 m®m?2ems I3 3
Ly Ly 1f? DS QD(Zs) | Ds |QD(2z4) non-invertible: 1
2
Zg Zo 1 @ m? | . .
70 QD (Za) T QD (Za) non-invertible:
Zo | {e} 10 e? ! } : Ix2x2=8
2 2
4
Z4 e 1 D(Z4 ‘ invertible: 4
{e} QD(Z4) QD(Z4) 1QD(Z4)
|
|
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Results of 3(Vecg,) := QD(S3)

Condensable algebras | Condensed phase .
H F . Domain walls Total: 28
in QD(S3) QD(S’3)£§C

S3 | S3 APFoD
As As A ®B®2F Vi QD(S3)| veec [QD(S3) non-invertible:
c | ¢ A®CoHD o 4x4=16
{e} | {e} AeB@2C ‘ 4

2
S3 | As AQF ! . .

70 QD(S3) Je QD(S3) non-invertible:
s | {e} A®C : 1 : 2x2x2=8
2 2

4

| . .
Az | {e} AoB QD(Zs) QD(83) | QD{Zs) [QD(S3) "°”4>';Virt;b'e'

!

2
S e A D(.S: \ invertible: 2

3 | e ) QD(S3) 1QD(S3)
I
I
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Recall that a 2d condensable algebra A in C may have non-trivial algebra automorphisms ¢ that leads to a
braided autoequivalence in Clgc. This kind of ®, does not lead to a new gapped domian wall in € after folding.

Conder.lsable algebras Condense(? Phase Domain walls E
in 3(Js) 3(Js)lge
AL =(RT) @ (YRY) O (s N7) Vec 3(Js) Vec 3(9s) non-invertible: 1
1 1
%
|
1 B -i tible:
A= (1X1) P (v ) TC 3(9s) 7 5 (02) non‘ invertible
I 2/2=1
11
1
Api=1K1 3(Js) [ invertible: 1
3(9s) 1 3(Is)
I
|

For example, double Ising topological order has only three distinguishable gapped domain walls. Although 7€
has an e — m exchange domain wall, 3(Js) a4, K¢ 3(Js) 4, is the unique domain wall associated to the 2-Morita
class (1X71) @ (v ).
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This is due to the e-m exchange in B(Js)fgg ~ TJC is induced by the non-trivial algebra automorphism ¢ of As:

QARD e @wRY) 2L 1RT) @ (Y RY)

The obvious inclusion 4 : Ay < A}, determines a 2-step condensation process. (1 X 1) @ (1 X)) corresponds to
1 € TJC and the component (o X&) corresponds to e (or m, depends on the convention). So Ay, becomes the
lagrangian algebra 1 & e in TC. After composing i : As < Ay with ¢, we obtain a new two step condensation
i’ : Ay < Ap. The component (1 X T) @ () X)) is invariant and still corresponds to 1, but the component

(0 X 7) becomes (o X 7)!, which corresponds to m now. Hence, Az has two incarnations 1 ® m and 1 @ e in
TC under this condensation process.

Tel@e
3(Js) T
fuse
Gl e
e — m exchange
3(7s) a, TC1em 3(Is)ay,
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Similarly, for QD(S3), QD(SS)ZX%B =N QD(Z3)

AdPB—1
Cr—e Ct* s &2

Fr—m F s m?

e The e —m exchange domain wall in QD(Z3) is induced from the C — F exchange domain wall in QD(S3).
e 1 — 2 exchange domain wall is induced from the algebra automorphism ¢ : A & B N\ & B.
Note that QD(Z3) has two gapped boundaries Rep(Z3) and Vecz, obtained by condensing 1 ® m @ m? and
1@ e®e?, in which 1 — 2 exchange acts trivially on these two lagrangian algebras. Extending these two
lagrangian algebras back to QD(S3), we obtain A @ B @ 2F and A @ B @ 2C which generate \/'ecf.;3 and
Vecg, respectively. ¢ in this case does not generate more gapped boundaries for the condensed phase.

Rep(Z3) Vecgg
QD(S3) QD(Z3) QD(S3)
___C-F_ __| _e-m ___ e . L C€=F___
1—2
<P@B Bf---=-%---
QD(S3)agB Vecz;3 Vecs3
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