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1. Introduction

Instantons are global solutions of Anti-Self-
Dual (ASD) Yang-Mills eqs. with finite action.

Instantons play crucial roles in

quantum field theory (QFT) and geometry.
ADHM(=Atiyah-Drinfeld-Hitchin-Manin)
construction is a powerful method to
construct the instanton solutions which is

based on one-to-one correspondence
between moduli spaces of the instantons

and ADHM data.



ASDYM eq. in 4-dim. with G=U(N)

ASDYM eq. (real rep.) v =1234
F, =—F,,, F,=0,4,-0,4,+4,4,-4,4,
F,=-F, Field strength
E4 — _F23. Aﬂi Gauge field

(N X N anti-Hermitian)
(= F,.+F, . =0, F,_ =0 (cpx.rep.))

Instanton number (2"4 Chern number):

1
CQ[A#]:—/TI'F/\F € Z

72



2. Atiyah-Drinfeld-Hitchin-Manin Construction
based on duality for the instanton moduli space

4dim. ASDYang-Mills ea. ADHM eq. (=0dim. ASDYM)
(Difficult) (Easy)

[B,,B]1+[B,,B; ]+ 117 =J*J =0

EE2 ) e _ [B,,B,]+1J =0
r . NXNPD_E_ 11 k X k Matrix egs.

Sol.= instantons — > Sol.=ADHM data
(G=U(N), C> =k) (G="U(k)’)
A,:NxN B, :kxk, l:kxN, J:Nxk
Gauge trf.. Gauge trf.:
A,— g 'Ag+9 0,9 B, §'B,,§, §eU(k)

geU(N) = §'1, J—J§



Fourier-Mukai-Nahm transformation
Beautiful duality between instanton moduli on 4-tori
and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus on the dual torus
lel lff(fl_l i Ifffz_z ~ O
lez2 N X N PDE ﬁéé =0 k X k PDE
Sol.=instantons : Sol.=the dual instantons
(G=U(N), G2 =k) (G=U(k), C2=N)
A, :NxN @ A, kxKk

Define the maps F & G,
° & GoF=id. & F°G=id. @

On the dual 4-torus

On a 4-torus




Fourier-Mukai-Nahm transformation
Beautiful duality between instanton moduli on 4-tori
and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus on the dual torus
lel lff(fl_l i Ifffz_z ~ O
lez2 N X N PDE ﬁfl«fz =0 k X k PDE
Sol.=instantons > Sol.=the dual instantons
(G=U(N), Cz =k) (G=U(k), C2=N)
A, (X) = <V,5ﬂV> map F (Dirac eq.) Kﬂ(cf):kxk

N’mo VIV =8 @ (- + R, —ix, )V =0 g4 = (i, 1)
= _— = =lo,.l,
5 g <:>
V : 2k x N

On a 4-torus : X, Family index thm. On the dual 4-torus : ¢,



Fourier-Mukai-Nahm transformation
Beautiful duality between instanton moduli on 4-tori
and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus on the dual torus
lel Ifffl_l i Ifffz_z - O
lez2 N X N PDE ﬁflfz — () k X k PDE
Sol.=instantons > Sol.=the dual instantons
(G=U(N), Cz =k) (G=U(k), C2=N)

map G (Di : ~ ~
Aﬂ(X):N x N p (Dirac eq.) > Aﬂ(§):<w,5ﬂw>§

0 :
eDyw=8"Q®(—+A, -i&, )y =0 k Xk
° o @
w 2N xK

On a 4-torus : X, Family index thm. On the dual 4-torus : ¢,




Fourier-Mukai-Nahm transformation
Beautiful reciprocity between instanton moduli on 4-
tori and instanton moduli on the dual tori

4dim. ASDYang-Mills eq. 4dim. ASD Yang-Mills eq.
on a 4-torus Dn.ac eq. on the dual torus
lel lfffl_l i Iffﬁz_z B O
lez2 N X N PDE ﬁflfz — () k X k PDE
Dlrac eq.

Sol.=instantons Sol.=the dual instantons

(G=U(N), C> =k) (reclproclty) (G=U(k), C2=N)
Aﬂ N x N @ Kﬂ -k x k

Define the maps F & G,
° & GoF=id. & F°G=id. @

On the dual 4-torus

On a 4-torus




Fourier-Mukai-Nahm trf. (radii of the torus—> <o)
reciprocity between instanton moduli on R*

and instanton moduli on “"1pt.”” (cf. van Baal, hep-th/9512223]

4dim. ASDYang-Mills eq. Odim. ASD Yang-Mills eq.
F, =0/ -0, +[A.A]

F..+F.. =0

gll 525.':2 L
Matrix eq. !

1 :1 F§1§z — k X k PBE-

Sol.=instantons — = Sol.= "dual instantons’’
(G=U(N), C> =k) (G=U(k), C2=N’")

A, =V . oV Lnap F (0dim Dirac eq.) ;&ﬂ Kok

%) ~
VYV =§”®(y§ + A, —iX, )V =0
° ~" Matrix eq.! &
V :2k x N

On a 4-torus>R’ Linear ale. On the dual 4-torus—>1 pt.




Atiyah-Drinfeld-Hitchin-Manin (ADHM) Construction
based on the following reciprocity

4dim. ASDYang-Mills eq. ADHM eq. (=0dim. ASDYM)
A== GUdim D-eq) | [B B ]+[B,,B;]+11"=J"J =0
T _o — [B,B,]+1J=0
2,2, N X N PDE | F(0dim D.eq.) '« 52 P T
Sol.=instantons ~1:1 Sol=ADHM data
(G=U(N), G2 =k) ‘ - (G="U(k)")
Proved in the B -kxk
A, N xN same way as 12 - %70

the Nahm trf. | :kxN, J:NxKk



Other limits and related works

3radii>co&1radius—>0: [Nahm, Hitchin, Nakajima,...]
monopole on 3-dim <> Nahm data on 1-dim
2radii—>co&2radii—20:

Hitchin system on 2dim < - Hitchin system 2dim
3radii—> co&finitelradius: [Hurtubise-Murray,...]
caloron on Rx S' €= Nahm data on S'
2radii=> oo &finite2radii: : [Jardim, Mochizuki, ...]
instanton on Rx T° €& Hitchin system on T
1radii> oo&finite3radii: : [Charbonneau, Yoshino,...]
instanton on RxT° €= monopole on T



Atiyah-Drinfeld-Hitchin-Manin (ADHM) Construction
based on the following reciprocity

4dim. ASDYang-Mills eq.

G(4dim D.eq.)

2,7, Z,
F2122 =0 N X N PDE F(0dim D.eq.)

Sol.=instantons : 1:1

ADHM eq.. (=0dim. ASDYM)

[Zlazl]+[22922:

[B,,B/]+[B,,B;]+11"=J"J =0
[B,,B,]+1J =0
k X k matrix eq.

(G=U(N), Gz =k)

Proved in the
A, N xN same way as
the Nahm trf.

Sol.=ADHM data
(G="U(k)")
Bl,2 tkxk,

| :kxN, J:Nxk



ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills eq.

A
Fp, =0 N X N PDE 11

ADHM eq. (=0dim. ASDYM)

[B,,B/]+[B,,B;]+11"=J"J =0
[B,,B,]+1J =0
k X k matrix eq.

BPST instanton -
(G=U(2), C> =1)

: v . ASD
A = I(X_b) 77;11/

= , 2x2
y2 (Z_a)2+p2

2i,02 ASD

uvo 2 2 277uv

S0l.=ADHM data
(G="U(1)")

Bl,2 =& Ix1

| = (p,0), :(Oj
Yo,




ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills ea. ADHM eqg. (=0dim. ASDYM)
[B,,B ]+[B,,B:]+117=3*3 =0
L [B,B,]+1J =0
Fan = L i k X k matrix eq.
BPST instanton - > Sol.=ADHM data
(G=U(2), C2 =1) (G="U(1)")
B i(X—b)VnﬁfD
Yo (z—a) + p? . Bio=a,, X
2ip? ASD 0
Fo= | = (p,0), J =
“ S (Z—a) +p) el (pj

(Polyakov)
“"The first time abstract modern mathematics had been of any use!”



ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills eaq. ADHM eq. (=0dim. ASDYM)
erlzl i [B,,B']+[B,,B ]+ 11" ~3°1=0
- _ [B,,B,]+13=0
& L i 1 1 k X k matrix eq.
BPST instanton - > Sol.=ADHM data
(G=U(2), C> =1) (G="U(1)")
Ci(x=b)"n," position
“(z—a) +p? e B, =ah, 1xI

fo,
2ip’ A / (Oj
F. = 2 2\2 v I =(p,0),J =
“ T a—ay oy ) PO I=|,

size




ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills eaq. ADHM eq. (=0dim. ASDYM)
erlzl = [B,,B']+[B,,B ]+ 11" ~3°1=0
= _ [B,,B,]+ 13 =0
e o i 1 1 k X k matrix eq.
BPST instanton - > Sol.=ADHM data
(G=U(2), C> =1) (G="U(1)")
Ci(x=b)"n," position
e 272 B B2 -at, 1
2ip? ASD 0
F o= / [ 1=(p,0),J =
“ T (Z—a)y +p) X v )¢ (pj

size



ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) Commutative BPST instanton (N=2, k=1)

4dim. ASDYang-Mills ea. ADHM eqg. (=0dim. ASDYM)

: F2171 L Fzzz: Hr FE [BlaB1+]+[BzaB;]+| | —J ) =0
F :O - ﬂC:[Bl,Bz]+|J =0
= = PD_E_ k X k matrix eq.

BPST instanton Q? Sol.=ADHM data
(G=U(2), C> =1) \9\/1 (G="U(1)")
i(x—b) 5" «— p=0  position
N (Z-a) +p Bmzal’g, 1x1

2ip’ ASD A 0
T P T / '_(p’o){J_(pj

size

)7




ADHM(Atiyah-Drinfeld-Hitchin-Manin) construction
Ex.) NC BPST instanton (N=2, k=1)

ASDYang-Mills eq. ADHM eq.

Fop, t+ Fopr, Hr E[BL B ]1+[By, By ]+ 117 =J"J 25_‘
e | ue F[B,B,]1+13=0
. Sas k X k marix eq.
BPST instanton SoI.:AQHM data
(G=U(2), C2=1) 9‘4 (G="U(1)")
p03|t|on

Aﬂa FW :exact sol.

0‘12»

/A7 (o7 0.3 - C’))

SIZG

p—0



The instanton moduli space

* in commutative spaces

Min =M,y V(M % R4)U(Mk—2,N xSym*RH) L.

UM, X Symk‘1R4) S Symk R* k size-zero instantons
1N

I 1 I
Symmetric Product — /‘ ‘ ‘ /

* In noncommutative spaces

4 ot
My =M UM, xR)HUM,_,  xSym°R")U...

UM, XW) UW

» dimM, , =2-2k>+2-2Nk —3k> —k> = 4Nk T2



§ 3 Nahm Construction of Monopoles (G=U(2))
Duality between Bogomol’nyi eq. and Nahm eq
(cf. ADHM Construction of instanton)

Bogomol’ nyi eq.(3d ASD) Nahm eq.(=12R3tASDYM)
JER IR A2 (B) B AEX(SH)
B =D®, =xeR’ 1:1 Z—?ﬂ&jkTJTka ¢ €[-a,d]
k . |
q’“("?)"”o” ) L~ it (reg), [ro)=is,n,
fi# :Monopole fi# :Nahm data
G=SU(2) (D, 4,):2x2 G=U(k) T :kxk
Gauge trf.: Gauge trf.:

A g '4g+g7'0.g,

T +— g 'Tg, oeU(k
O g 'Dg, gelU(2) > g g, g (k)



Nahm construction of (NC) monopoles
Nahm, in ~ Monopoles in QFT " (1982)

Nahm eq. (G=" U(k)"): k X k ODE P_brane S.
Interpretation
dT, Diaconescu
— T <
ag ~outlotid - BPS
A k D1-branes
Nahm data 7T :kxk
1:1

<

monopoles @, 4 : NxN
Bogomol hyi eq. (G=U(N), k): N X N PDE




Nahm construction of Dirac monopoles

Nahm eq. (G:“U“)”)Z 1 X 1 ODE a D1-brane
T
D
Nahm data 7 =0 a D3-brane
1:1
v monopoles

Bogomol hyi eq. (G=U(1), k=1): 1 X 1 PDE

40/834%



Nahm construction of Dirac monopoles

Nahm eq. (G:“U(””)Z 1 X 1 ODE a D1-brane
T
D
Nahm data 7 =0 a D3-brane
1:1
1 i 1+cosd
v monopoles <I>—2—, A, =A4,=0,4, = > <in 9

' i
Bogomol hyi eq. (G=U(1), k=1): 1 X 1 PDE

D represents pos
of D3-brane

41/834



Nahm construction of NC Dirac monopoles
Gross&Nekrasov, JHEP[hep—th/0005204 ]

Nahm eq. (G:“U(””JZ 1 X 1 ODE a D1-brane

Nahm data 7,,=0,7, =-6¢
1:1

“1 2_|_ 2\
monopoles @ =—- %3 exp| — L2 |, A, = (smootk
2r 0 7,

Bogomol hyi eq. (G=U(1), k=1): 1 X 1 PDE

D represents pos

of D3-brane
I. .represents posit

l

42/8314 of D1 -brane

<




Nahm construction of NC Dirac monopoles
Gross&Nekrasov, JHEP[hep—th/0005204]

Nahm eq. (G:“U(””)Z 1 X 1 ODE a D1-brane

Nahm data 7,,=0,7,=-6¢

1:1 Slope of D1-brane <— pulls the enjl point

4 22\ of D1-branq
: exp[ 1 ; 2}. A, = (smootk

monopoles @ =

<

Bogomol hyi eq. (G=U(1), k=1): 1 X 1 PDE

D represents pos

of D3-brane
I. .represents posit

l

43/83 Of D1 -brane




e Magnetic tlux ot Dirac monopoles

2 2
B, =0,D = t3 2exp( ad +x2]

Tx'?’ /" (singular)

27> O O

X3 (regular!)

;

x1,x2 e —
PR B ;o1
t N ” t
On commutative space On NC spac il

Solutions show interesting behaviors,

though the moduli space is *h= ~ame as commutatiy



4. Conclusion and Discussion

We constructed instantons, global solutions
of Anti-Self-Dual (ASD) Yang-Mills egs.

corresponds to
presence of background

- Resolution of singularity
->nhew physical objects (U(1) instantons,...)

Local solutions (KP-type soliton solutions)
of ASDYM eqgs. are also interesting (relates
to integrable systems). Recent works:[MH,

Shan-Chi Huang, Hiroaki Kanno and Shangshuai Li,-
Changzheng Qu, Xiangxuan Yi, Da-Jun Zhang, ...]



Nagoya IAR workshop on

Unification of Integrable Systems

27(Mon)~29(Wed) October, 2025@Nagoya University

Speakers: B.Vicedo, M.Yamazaki, K.Yoshida and M.Hamanaka....

6-dim Chern-
Simons (CS) action

reduction reduction

4-dim CS L 4-dim WZW

<

duality?
various = various
solvable models integrable systems

This workshop is supported by Institute for Advanced Research (IAR), Nagoya U.






