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1. Introduction
l Instantons are global solutions of Anti-Self-

Dual (ASD) Yang-Mills eqs. with finite action.
l Instantons play crucial roles in 

quantum field theory (QFT) and geometry. 
lADHM(=Atiyah-Drinfeld-Hitchin-Manin) 

construction is a powerful method to 
construct the instanton solutions which is 
based on one-to-one correspondence 
between moduli spaces of the instantons 
and ADHM data.
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ASDYM eq. in 4-dim. with G=U(N)
lASDYM eq. (real rep.)

lInstanton number (2nd Chern number): 
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2. Atiyah‐Drinfeld‐Hitchin‐Manin Construction
based on duality for the instanton moduli space
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ADHM eq. (≒0dim. ASDYM)
(Easy)

4dim. ASDYang-Mills eq.
(Difficult)

Sol.=ADHM data
(G=`U(k)’)

Sol.= instantons
(G=U(N), C =k)
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N × N PDE
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Fourier‐Mukai‐Nahm transformation
Beautiful duality between instanton moduli on 4‐tori

and instanton moduli on the dual tori
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4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)
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2 2

0~
0~~

21

2211









F

FF

kkA :~


On a 4-torus On the dual 4-torus

Define the maps F & G,
& G◦F=id. & F◦G=id. 

F

G



Fourier‐Mukai‐Nahm transformation
Beautiful duality between instanton moduli on 4‐tori 

and instanton moduli on the dual tori
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4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)
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Fourier‐Mukai‐Nahm transformation
Beautiful duality between instanton moduli on 4‐tori 

and instanton moduli on the dual tori

0

0

21

2211





zz

zzzz

F

FF

4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)
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Fourier‐Mukai‐Nahm transformation
Beautiful reciprocity between instanton moduli on 4‐

tori and instanton moduli on the dual tori
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4dim. ASD Yang-Mills eq.
on the dual torus

4dim. ASDYang-Mills eq.
on a 4-torus

Sol.=the dual instantons
(G=U(k), C =N)

Sol.=instantons
(G=U(N), C =k)

1:1
(reciprocity)
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Define the maps F & G,
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Fourier‐Mukai‐Nahm trf. (radii of the torus∞) 
reciprocity between instanton moduli on R

and instanton moduli on ``1pt.’’  [cf. van Baal, hep‐th/9512223]
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0dim. ASD Yang-Mills eq.4dim. ASDYang-Mills eq.

Sol.=``dual instantons’’
(G=U(k), ``C =N’’)

Sol.=instantons
(G=U(N), C =k)
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Atiyah‐Drinfeld‐Hitchin‐Manin (ADHM) Construction
based on the following reciprocity
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(k)’)

Sol.=instantons
(G=U(N), C =k)
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k × k matrix eq.
N × N PDE

2

G(4dim D.eq.)

F(0dim D.eq.)

Proved in the   
same way as 
the Nahm trf.



Other limits and related works
• 3radii∞&1radius0： [Nahm, Hitchin, Nakajima,…]

monopole on 3‐dim  Nahm data on 1‐dim 
• 2radii∞&2radii0：
Hitchin system on 2dim  Hitchin system  2dim 

• 3radii∞&finite1radius： [Hurtubise‐Murray,…]

caloron on R x S  Nahm data on S
• 2radii∞&finite2radii：： [Jardim,  Mochizuki, …]

instanton on R x T  Hitchin system on T
• 1radii∞&finite3radii： ： [Charbonneau, Yoshino,…]

instanton on R x T monopole on T
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Atiyah‐Drinfeld‐Hitchin‐Manin (ADHM) Construction
based on the following reciprocity
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ADHM eq.. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(k)’)

Sol.=instantons
(G=U(N), C =k)
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k × k matrix eq.
N × N PDE

2
Proved in the   
same way as 
the Nahm trf.
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ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)
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ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）

0

0

21

2211





zz

zzzz

F

FF

ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)
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(Polyakov)



ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)
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ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)
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ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) Commutative BPST instanton（N=2, k=1）
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ADHM eq. (≒0dim. ASDYM)4dim. ASDYang-Mills eq.

Sol.=ADHM data
(G=`U(1)’)

BPST instanton
(G=U(2), C =1)
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ADHM(Atiyah‐Drinfeld‐Hitchin‐Manin) construction
Ex.) NC BPST instanton（N=2, k=1）
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NC ADHM eq.NC ASDYang-Mills eq.

Sol.：ADHM data
(G=`U(1)’)

NC BPST instanton
(G=U(2), C =1)
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The instanton moduli space

• in commutative spaces 

• In noncommutative spaces

• dim                                                           算数
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§3 Nahm Construction of Monopoles (G=U(2))
Duality between Bogomol’nyi eq. and Nahm eq.

(cf. ADHM Construction of instanton)
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4. Conclusion and Discussion
lWe constructed instantons, global solutions 

of Anti-Self-Dual (ASD) Yang-Mills eqs.
lExtension to NC spaces corresponds to 

presence of background magnetic fields. 
àResolution of singularity
ànew physical objects (U(1) instantons,…)

lLocal solutions (KP-type soliton solutions) 
of ASDYM eqs. are also interesting (relates 
to integrable systems). Recent works:[MH,
Shan-Chi Huang, Hiroaki Kanno and Shangshuai Li,-
Changzheng Qu, Xiangxuan Yi, Da-Jun Zhang, …]
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