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Heisenberg scaling based on population coding
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1 State estimation

To see the standard scaling for the mutual information, we consider state estimation,
i.e., we focus on a d-parameter state family {pg}gco on the Hilbert space H 4, where
© is a subset of R?. We consider a Bayesian prior iz on ©. We denote the set of
density matrices on H by S(H). We denote the classical system © by B. We consider
n-copy state pg@”. We have classical-quantum state

pan = [ 05" 10)0(d0) (1.1)

We focus on the mutual information between A and B, which is given as

I(4:B) = S(pa) - / S(pE™)u(db) / D lpa)u(dd),  (1.2)

where S(p) expresses the von Neumann entropy — Tr plog p of p, and D(p||o)
expresses the quantum relative entropy Tr p(log p — log o).

When all densities are commutative, i.e., the model is classical, the references [31, 32]
showed that

I(A; B) = glogn + O(1). (1.3)
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When our model {pg}gco is the full model on t-dimensional system and p is invariant
for unitary action, the reference [33] showed that

2 _
1By = 1

logn + O(1). (1.4)

Since the number of parameters of the full model is t* — 1, (1.4) can be considered as
a generalization of (1.3). When a model satisfies a certain condition, using the result
by [36], we can show

d
I(A;B) = §logn—|—0(logn). (1.5)

That is, the leading term is the number of parameters times %log n.
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We back to the spirit of population coding, and focus on the number N ({p5" }oco,€)
of distinguishable states among {p?”}geg with the average decoding error probability
e > 0. As shown in [44, (4.32)], using Fano inequality, we can evaluate this number as

log2+ I(A; B)

log N({p?”}ee@, €) < 1_ ¢ : (1.6)

That is, the relations (1.3), (1.4), and (1.5) give upper bounds of this number.
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2 General problem formulation

2.1 General description

Let G be a compact group and i be the Haar measure of G. We focus on a unitary
representation f of G over a finite-dimensional Hilbert space. For this aim, we choose
an input state. We assume that any entangled input state with any reference system
is available. To consider this problem, we denote the set of the labels of irreducible
representations of G by G. Let U, be the irreducible representation space identified by
) e G, and d» be its dimension.

We also define the twirling operation for the group G as

Tolp) = /G F(g)of (¢) n(dg). (2.1)

We denote the set of irreducible representations appearing in f by @f. We decompose
the representation system H 4 as follows.

Ha= P UrhoC™, (2.2)
AEéf
where n) expresses the multiplicity of the representation space U).
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When a reference system C! is available, we have

Ha=Ha®C = P Uy C™. (2.3)
)\Eéf

However, when the input state is a pure state, the orbit is restricted to the following
space by choosing a suitable subspace C™in(dx.inx) of Clmx | That is, our
representation space can be considered as follows.

@ Uy ® Cmin(dk,lnk). (24)
)\Eéf

When [ > dy/ny for any X € Gf, our representation is given as

Har = P U CH. (2.5)
)\Géf

In the following, we consider the above case. We denote the projection to Uy © C%
by P)\.
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2.2  Mutual information

We choose an input state p and a distribution P on the system B = (, where the
random choice of B is denoted by the random variable B. So, we have a
classical-quantum state } P(9)f(9)pf(9)T ®|g)(g|. We focus on the mutual

information I(Al; B) or (AR; B), which depends on p and P. When p is decomposed
as ) q;p;, the mutual information is evaluated as

I(Al; B)[P, p] : S(ZP (9)") - ZP ( 9)rf(9)")

-3 P(g)D( H >~ P9)1d0f(9))
<qu >~ Plg ( 9eif @) 3 P(g’)f(g’)pjf(g’)*)- (2.6)

The final inequality follows from the joint convexity of relative entropy. Since any
mixed state can be written as a mixture of pure states, to maximize the mutual
information, we can restrict the input state as an input pure state

) = Dree, V/Dala). In this case, since the von Neumann entropy of a pure state is
zero, the mutual information is given as the von Neumann entropy of the mixture of
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the final states.

I(ALB)IP, [0)] = S( " Pl f (g )1 f(a)'). (2.7)

g eXx

We consider the following optimization problem.

I(G)ar : —rﬂ%xmgxf(fll  B)[P, [)] (2.8)

As shown in [45], due to the convexity of von Neumann entropy the maximum is
attained by the Haar measure 1. Hence,

max I (Al; B)[P, [)] = I(AL B) |, )] = S(Ta ([¢) (1)), (2.9)
which implies
I[(G)ar = rﬁgxs(’fa(|¢><¢!))- (2.10)

Here, we set |¢,) to be a pure state Uy ® C™(@x:In2) gych that Try, |éx) (@] is the
completely mixed state on C™in(dx.inx) -~ GSych a state (@) is called the maximally
entangled state on Uy @ C™in(dxr.iny),
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When |1¢) is the state |¢(p)) := Z/\eéf V/Px|®x), where p is a distribution on G'f, we
have

S(Ta(s@Mom) =S( Y p 2 )

" Ad>\ min(nA,dA)
)\EGf
=S(p) + Y palog(dxmin(ny,dy)). (2.11)
)\Eéf

Since the dimension of support of T (|¥)(v|) is upper bounded by
> red dxmin(ny, dy), we have

106 AD[n, [0)] = S(To([9) (@) < RG)ar :=1log (| dymin(iny, dy)). (212)

)\Eéf

d>\ min(lnA,dA)
Eéf d>\/ min(lnA/,d/\/) )

The equality holds when the input state is |¢(p)) and px =

Therefore, we have

I(G)a = log( Z d min(lnk,dk)) (2.13)
INler
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Overall, the optimal input state is

\/Z dy min(lny, dy) 165). (2.14)
AEG A

Eé d)\/ mln(lnx d}g)

In particular, when [ satisfies the condition [ > dy /ny for any X\ € Gf,

I(G)ag = I(G)a; = R(G) ap = log ( 3 d?\). (2.15)

)\Eéf
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2.3 Number of distinguishable elements

Next, we consider how many elements in G can be distinguished via the above
process. When the input state is p, we denote the number of distinguishable states
among {f(g)pf(g)'},ec with the average decoding error € > 0 by M4;(p,€). That is,

Moay(p.€) _max{M‘ i 0 Tr fg)pf(gy) T } (2.16)

> 1 —¢€

where the maximum in (2.16) is taken with respect to M, g1, ..

We consider the following optimization problems.

M(G)Al —maxMAl(p, )

p

We have

log M([). €) > max 5o ( 3 Pg')f(a)10) wlf(g)) -

g eX

log M(J15), ¢) < max Ss( Y P(g)f(g)[e)wlf(g)T) +

g'eXx

2 General problem formulation

Sy gM € G? {Hj}j\il

(2.17)

1

1 (log2 — loge),

(2.18)

1
71 log(1 —¢€) (2.19)
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for0 < f<1and 1l < a <2. For its detailed derivation, see Appendix AppendixA.
The above maximum is attained when P is the Haar measure pu.

Since the dimension of support of Tg(|1)(v|) is upper bounded by

ZAGG d)\ min(nA, d>\), we have

Sa(Ta(|¥)(¥])) < R(G)ar- (2.20)

The equality holds when the input state is |¢). Thus, choosing the best choice o = 2
and taking the limit 8 — +0, we have

R(G)a; — (log2 —loge) <log M. (G)a; < R(G) a1 — log(1 — ¢). (2.21)
In particular, we have
R(G)ar — (log2 —loge) <log M.(G)ar <log R(G)ar — log(1 — ¢). (2.22)

Therefore, when 1 > ¢ > 0 is fixed, log R(G) ag is the dominant term.
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3  Multiple phase estimation

Here, we consider the multi-phase application model on the ¢-dimensional system H 4
spanned by {|7) ;;(1). This model is given as the application of the group

MP;_1 :={Ug}pcio,2x)t—1, Where the unitary Uy is defined as

10)(0] + 23;1[ e%i|7)(j|. Now, we consider the n-parallel application of Uy on

Han = 7—[%”. In this representation, all irreducible representations are characterized
by the combinatorics C;*, which is defined as

Cy' = {ﬁ = (ng,nq,...,ni—1) € N

inj = n}, (3.1)

where N is the set of non-negative integers. Since all irreducible representations are
one-dimensional, dy =1 for 77 € C* so that we do not need to attach any reference

system, i.e., R(G)a1 = R(G)agr. Since |C{*| = (”j_tzl) we have

n+t—1

I(MP,_y) ae =R(MP,_;) 4» = log ( .

) = (t —1)logn + o(1) (3.2)

while the number of our parameters is ¢t — 1. Compare with (1.5), (3.2) achieves the
twice of the state estimation case.
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When t = 2, the optimal input state is

J n—j

0011 (3.3)

> el

The asymptotic estimation error with the above input state has been studied in [46,
Sections 3 and 4]. As explained in [19, Section 4], this method is essentially the same
as Kitaev's method [48, 49], and has been implemented by [50].

Here, we compare the input state (3.3) with the case with the noon state [9, 8, 7].
The input noon state has only two irreducible representations; the subspace spanned
by [0)®™ and [1)®™. The relations (2.9) and (2.11) imply

507" + 1)) = log (3.4

The input noon state has quite small global information, which certifies the

I(X; A1)

impossibility of global estimation by the input noon state.

2 99““82_9”“6, the input state (3.3) does not coincide
with the optimal input. Further, the input state (3.3) does not achieve Heisenberg
limit in this sense, but the input state (3.3) achieves the Heisenberg scaling in the
sense limiting distribution.
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4 n-tensor product representation of SU(t) on H 4 = C'

Y;": Set of Semistandard Young tableau.

M = C™: Multiplicity space of Irreducible Unitary Representation U* with
Multiplicity ny.

Our representation space:

Han = EB Hy @ M. (4.1)

AEY"

When A = (Aq,..., ) with Ay < ... < )\ and Zj Aj =n, dy :=dimH, is given as

o jt A — A,
= T] J AT A (4.2)

1<j<k<t —J

It is upper bounded by (n + 1)*¢=1)/2 When the reference system C! is sufficiently
large in the sense of (2.5), the maximum mutual information is evaluated as

[(SU(t)) an g = R(SU(1)) an 1 zlog( 3 d2,)
A/eYt’I’L
<log(n + 1)FDHE=1 — (42 _ 1)]og(n + 1). (4.3)
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Due to (2.14), the optimal input state is

S| (3 @) e (4

AEY? \ ey

Here, |¢p,) is the maximally entangled state on H) ® M.
When t is fixed and only n increases, we have

log ( 3 d2,) — (2 —1)logn + O(1), (4.5)

A/ EYtTL

which is shown in Section 5. Since t* — 1 is the number of parameters of SU(¢). The
leading term in (4.5) is twice of the case of state estimation case given in (1.5).
Therefore, this behavior can be considered to achieve the Heisenberg scaling in the
sense of mutual information.
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At least, when t = 2, we can show the above relation as follows. Consider the case
with t = 2. When n = 2m, we have

" 1)(2 1)(2 3
3 d2,22(2k+1)2:(m+ )(m; )2m+3) (4.6)
NEY k=0
When n = 2m — 1, we have
ik 2 1)(2 1
ST a3 =) (k)2 = m(m + 3)( m+1) (4.7)
NEY k=1
Then, we have
1
log( Z dz,) = 3logn —logb + O(—). (4.8)
NEY P "
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Here, we compare the above optimal case (4.3),(4.5) with the case of the input state
maximizing the trace of Fisher information matrix [11]. The maximally entangled
state |®) on the symmetric subspace maximizes the trace of Fisher information matrix
[11]. In this case, since the dimension of the symmetric subspace is (”:’_tzl) the
relations (2.9) and (2.11) imply

n+t—1

16 AR @) = 210g ("1

) =2(t —1)logn + o(1), (4.9)

which is much smaller than (4.3),(4.5).
Next, we focus on M (SU(t)) ar. Due to (2.22), (4.3), and (4.5), log M (SU(t)) ar
behaves as

log M.(SU(t))ar = (t* — 1) logn + O(1). (4.10)

Since SU(t) is parametrized by t2 — 1 parameters, B(R) scales as O(R' ~1). Since
M.(SU(t)) ar scales as O(nt 1), the upper bound of R, scales as O(n™!).
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5 Proof of (4.5)

Since we have (4.3), it is sufficient to show

log ( Z d2,) > (t* —1)logn + O(1). (5.1)
)\lex/ttn
We choose a positive real number a,, such that ;™ is an integer. We define the

subset Y,"(a,) C Y;" as

Y (an) :

{»

%g)\k+1—)\kfork:1,...,t—1}- (5.2)
Qn

For A\ € Y,"(a,,), we have

k— 94+ A — A
= [ LA

1<j<k<t —J
1 >\k — )\ n n (t—1)t
i s> = z 5.3
it H t H ant? (antQ) (5:3)
1<j<k<t 1<j<k<t

Also, using m,, :=n — =, we have

n

¥l = . (5.
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Therefore,

AEY," XY (ay) XY (ay)
t—1
n n (t—1)t m.,, n (t—1)t
—Y"(a, > 5.5
| t (a )|(ant2) - (t—1)<ant2) ( )

When a,, choose as a value such that 2 < a,, < 3, we have
mi=1 n (t—1)t 5
| ( n - ) = (t* — 1)1 O(1 5.6

because t — 1 + (t — 1)t = t* — 1. Hence, we obtain (5.1).
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6 Conclusion

We have derived general formulas for the mutual information and the logarithm of the
number of distinguishable elements when a unitary group representation is given. We
have proposed the above quantities as a figure of merit to address the population
coding with group representation because these quantities reflect the global
information structure unlike Fisher information. Then, we have applied these general
formulas to the case with multi-phase estimation and multiple applications of SU(%).
As the results, we have revealed that the optimal strategy realized the twice value of
the standard case for these two quantities, which can be considered as Heisenberg
scaling. We have also shown that the optimal strategies for maximizing Fisher
information have much smaller values for these quantities. This fact shows the
advantage of our figure of merit over Fisher information.
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AppendixA  Derivations of (2.18) and (2.19)

Since f(g")|1) (x| f(g") is a pure state, the reference [47, (6)] shows the inequality

1+s
<2(M(|i), €) — 1) Tr(ZP 9wl ()"
g eXx
1+s
<OM (1)), e Tr( N P F@)0) L) ) (AppendixA.1)
g exXx
for 0 < s <1 and any distribution P on G. Choosing o = 1 + s, we have
1
log M (|1)), e (ZP 9V NI F(g)') — —(log2 — loge)
g eXx

(AppendixA.2)

for 1 < o < 2. Taking the maximum for P, we obtain (2.18).
Since f(g')|1)(|f(g")T is a pure state, the reference [44, (4.67)] shows the inequality

log(1 — €)
<maxlog Tr (Y P(g)F(@))WIf(g)) " + = log M(t:),€)

g'eXx
(AppendixA.3)
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for s < 0. Choosing 8 = =, we have (2.19).
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