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Recollection : Vertex Algebrax. 3/14

Def
.

A Vertex algebra V = (V
, 10), T, Y) consists of

the data :

⑪ V : vector space (space of states) ,
⑪ 10) EV (vaccum rector)

,

⑪ T : V > X (translation op.),

⑪ Y(-
, z) = Y(z) : VaV > V((z)) (state-field correspondence)

satisfying some axioms .

Operator Product Expansion (OPE)

(Y(a
.
z)

.

Y(b
,
w)] =

o (GS(z-w)) Y (amb , w) .
where S(z-w)= zw-n
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: Lie algebra u/ sym .

im
. form (

, ).

↳ 2fD/
* ] * KK

,
w/ a hie bracket

given by

E [x * th, yetMI= [x, y]x thim + nSntm , o
(x

, y) K,

K : central.

X
⑪
g+= [xxth)xz , n>0c : Lie subaly of

⑪V(g) := Ind = v()K : -module.

Then
,
one can obtain VAs :

V(g) : universal affine vertex algebra
univ

.

affo vertex alg .

Y(q) = V(/ (K- k) 10)" of level keK.



This construction can be generalizedto vertexhie algebras .
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Def
.

A vertex Lie algebra L := (1 , T , Y- ) consists of the data :
⑪ L : rector space,

⑪T : L L

⑪Y- (-
,
z) = Y- (z) : Lat -> L[z]

,

satisfying some axioms.

L : VLAv> V(1) : univ enveloping VA ([Kac98]
.

[Primc 99
_
7)

Exm
.

⑪ V : VA my (X
,
T
,
Y
- (z) := (polar part of Y(z)) : VLA

⑪ of : He algu/ sym , inv form (
,
).

Then
,
one can define a VLA str

.
on got

+ CIt"I*K

~ Its univ
. enveloping VA is univ

.
aft

.

VA V (g)



Classical 6/14
of : Lie alg.

PBW fi It
. Killiror-Kostant

(g) mux Symy = K(q* ] : Poisson alg
. ( Poisson stri C

VA analogue ((Li04]
,
[Li05])

2: filt.
V : VA mu grY : vertex Poisson algebra (

comm
. alg . ~/ derivation)+ VLA

What is a VPA ?
SpecTR
-&Fact ([Ara09]) 2

R : PA, Speck
JR : comm

. alg .

S
.
t

.

#S
,
Hom (JR , S) = Hom (R

,
SIt)

m JR : VPA s
. t

.
act = (a . b3 for a

, bERCJR



32
.

Jet Algebras of Poisson Lie Groups. 7/14
me

aft
, alg , grp . (in this talk)

G : aft
· alg . grp .

v> A = CIG] : comm
. Hopt alg.

Moreover,

G : Poisson aft
, alg . grp .

m> A : Poisson Hopf alg.

Exm
.

G : semisimple aft
. alg . grp .

G : coboundary Lie bialg .

([CP94
,
Exm

.

2
.

1
. 71)

m> G has the induced Poisson Lie str
..

([CP94
, Prop. 2 .

2
. (1)



8/14
A : Poisson Hopf alg.
~ JA : VPA

,

⑪ A : JA-JADJA : hom. of YPAs,
⑪ E : JA > K: hom. of VPAs (C : triv . VPA)

⑭ S : JA > JA : linear map.

such that LJA
,

A
,
2) is a coalg , and
Said

JADJA > JADJA
↑

~

JA > K > JA
E

T

~

JAD JA > JAoJA
idS



Def
.
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A vertex Poisson Hopf algebra V = (V
,
A
,
E
, S) consists

of the data :
⑪ Y : VPA

,

⑪ Ai V -> XIV : hom
, of VPAs

,

⑪ 2 : V -> C : hom. of VPAs
,

⑪ S : V -> X : linear map,

satisfying the axiom similar to Hopt algebra.

Rmk .

Although S is merely a linear map, the following holds :

S(ab) = S(a)S(b) , S(Y-(a ,
z)b) = - Y_ (S(a) , z)S(b)

·



53. Vertex Lie bialgebra. 10/14

Y : YPHA.

Since Y has a comm. Hopt alg . ser., we can consider

itx Lie algebra i

L(V) := Ker (Hem (V
.

CTE])
E+0 Home-alg (V , ())K-alg

[x
, y](a):= x(a)y(az) - x(az)y(a)),

where A(a) = alxa< (Sweedler notation).

Exm .

A =C(G]
,

V = JA
.

Then,
t-> 0

g It_
= L(V) = Ker (Home-g (A ,

KItIE]) > Homealg(A .

((+1))
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Furthermore

,

LCV) should
carry a str. induced by Y-(z).

Technical assumption

⑪ V :xo- gr .
VPA

,
i
.
e

.

V= Yh w/ some condition

I
⑪ L = Lin(V) := L(V) +[V> ((2]) & (Vx0) = 03

,

Then
,

I has a natural Exo-grading i L= th
⑭ dim In < co.

Exm
,

V = JKIG1 ve (fin (V) = -g[t]= th

Y- (z)
Y V > V[z-]

S(z)
my ↓ > ↓LIzI

x 1 Laob +-> x(Y- (a , z)b))
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Then

,

we can verif
y

(2) The restricted dual L"=d has a VPA str
,

(22) The compatible condition (cocycle condition) :

S((x
, y7 ,
z) = Sing (

[eztxol + 10x
, fly , z)] (- Leztyol + 10 y ,
f(x

,
z)]

Exm
.

of : Lie Dialy . 1 = y(t] ·

Then,
th

S(xth)(z) :=
z - (tz- t,)f(x) =0

th(tztg,

where + = +o )
,
to = 1 et int]ght].
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Def

.

A vertex Lie Dialgebra L = (1 , T ,
5) consists of

the clata :

⑪ (L
,

T) : Lie algebra u/ derivation,
⑪ S(z) = Sl-

,
z) : 1 L LIz1

,

such that

(2) (L
,
T

,
8) : vertex co - Lie algebra ,

(2) compatible condition (cocycle condition) :

S((x
, y7 ,
z) = Sing (

[eztxol + 10x
, fly , z)] (- Leztyol + 10 y ,
f(x

,
z)]
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54. Quantimization

The story of quantum groups Candidates

Ug(g) : quasitriangular Hopt alg. ? E ⑭ VCA [Hub]

⑭RVA [EK]
APP(x) = RA(x)RY

,

RizRisRaz = RasRisRiz

3
& g
-> 1 Cor +> 0)

of : coboundaryhie bialg
.
1 : coboundary VLBA

[riz
,
his] + [riz, ras]+ [ris , ras]

- O
D

Thank you for your attention .

I


