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1. Vertex algebras and Zhu algebras

Introduction and some new results on Zhu algebras of vertex algebras,
partly based on
Ryo Sato (Aichi Institute of Technology) and S.Y.,
“Zhu algebras of superconformal vertex algebras”,
arXiv:2509.13124, 33pp.

1. Vertex algebras and Zhu algebras  [7 pages]
1.1. Vertex algebras
1.2. Zhu algebras of vertex algebras
1.3. Huang's version of Zhu algebra

2. Zhu algebras of superconformal vertex algebras
3. Zhu algebras of SUSY vertex algebras
4. Summary and open problems

2/24



1.1. Vertex algebras — Definition [1/3]

A vertex algebra (VA) is an algebraic structure introduced by Borcherds!
to formulate two-dimensional chiral conformal field theory.
(c.f. Talks of Dr. T. Iwane and Dr. Y. Nishinaka, Day 2.)

Definition (vertex algebras?) agb €V ~ aj € EndV

A VA is a C-linear space V with binary operations -(j- on V' (j € Z) and
distinguished |0) € V such that, for any a, b € V, using the notation

a(z) =Y ;5277 ag) € (End V)[zH], (vertex operator of a)
(i) a(z)b € V((z)): Laurent series of z, (quantum field)
(i) |0) (z) =idy, a(z)|0) = a+ O(=z), (vacuum)
iii) 0 € EndV, 0a := a;_») |0) satisfies [0, a(z)] = (9a)(z) = 0,a(=z),
(iif) (-2)
where [, ‘] is the commutator of operators, (translation)
(iv) 3N, € Z>g such that (z — w)Nes[a(z), b(w)] = 0. (locality)

V being a C-linear superspace, we have vertex superalgebras (VSA).

LR, Borchers, “Vertex algebras, Kac-Moody algebras, and the Monster”, Proc, Nat. Acad. Sci., 83 (1986), no. 10, 3068-71
E. Frenkel, D. Ben-Zvi, “Vertex Algebras and Algebraic Curves”, 2nd ed., AMS, 2004.
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1.1. Vertex algebras — Borcherds identities

e V: VA V — (End [z, aw a(2) = X277 M),
(i) quantum field (ii) vacuum (iii) translation (iv) locality.
e The locality axiom (iv) can be replaced by?
(iv-1) a(z)b = e*?b(—2)a, (skew-symmetry)
(iv-2) x7*6(5%)a(z)b(w)—x"18(*5F)b(w)a(z) = w'8(7%)(a(x)b)(w),
0z) =) ,22" € C[z**]: formal delta function, ~(Jacobi identity)
and by4

(iv-1") ag)b = Zk> (- )j+k+1 ; ak(b(,Hk)a)r
(skew-symmetry)

(iv-2") (aumb)n) = Xizo(=1)* (¥) (am—1) bty = (—1)bim-n—s) 3(1)-
(Borcherds identity)
e Vertex algebras can be regarded as “Lie algebra objects” in a certain
(pseudo-)tensor category.
~~ The theory of chiral algebras (c.f. talk of Dr. Nishinaka in 2023).

3I B. Frenkel, Y.-Z. Huang, J. Lepowsky, “On axiomatic approaches to vertex operator algebras and modules”’, Memoirs AMS, 1993
Original definition by Borcherds (1986)
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1.1. Vertex algebras — Conformal structure [3/3]

e V: VA, V — (End V)[z*!], ar> a(z) = djer? “tag.
e \-bracket encodes (j)-operations: [axb] =3 Jl,/\ agb € V[

Definition (conformal (= Virasoro) element)

L € V is conformal of central charge c € C if
(L, Ln] = (M = n)Limin + 5(m® — m)omn, L = Lint1y
> [LaL] = (0+2X\)L+ 5A*  (Virasoro relation).

Example (affine VA V*(g))

g = g[t*!] ® CK: the affine Lie algebra of a simple Lie algebra g.
(K81 =0, [xt™ yt™] = [x, y[t™" + mipms mo(xly)K
V&(g) = U(8) ®u(g[gack) Ck: vacuum module of level k € C.
It has a unique VA structure with [0) = 1® 1 and vertex operators
xt=1]0) diez z 7 (xt/) (x € g).
If k # —h", Sugawara vector Lg,, = W S (dat™h) (271 |0)
({J7}2 C g: basis, {J.}a: dual basis w.r.t. Killing form on g)

__ kdimg k
is conformal with ¢ = 557, and V*(g) is a vertex operator algebra.
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1.2. Zhu algebras [1/3]

VAs are complicated objects. To study them, we use their invariants.
Definition/ Theorem (Yongchang Zhu's C,- and assoc. algebras®)
e (;-Poisson algebra R(V) of any VA V.
R(V) = V/(Vi_2V), a- b= ai_;)b: commutative product,
V(_)V i=Span{a_yb|abeV}, {3 b}:= a(o)b: Poisson bracket.
e Zhu algebra A(V) of a VOA V = @, Va (Lo-eigen decomposition).
A(V) = V/(V>5 V), [a] x[b] = [aTb]: associative product,

axb=3, (Aj(.a))a(j,n)b.

e R(V) describes semi-classical-limit structure.
(c.f. chiral quantization problem, S.Y.'s talk in 2023.)

e A(V) for a VOA V describes the representation theory:
Thm. (Zhu) simple A(V)-mods &2 simple highest wt. V-mods.

e Fora VOA V, R(V) = grlo A(V) of graded Poisson algebras.

Y. Zhu, “Modular Invariance of Characters of Vertex Operator Algebras”, J. Amer. Math. Soc., 9 (1996), no. 1, 237-302.
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1.2. Zhu algebras — Examples [2/3]

Example (affine VA)

VK(g) = U(8) ®u(grqack) Cr, xt1[0) = 32 7 (xt™)z™""1 (x € g).
e (,-Poisson algebra:
R(V*(g)) = Sym g = C[g*]: Lie-Poisson algebra of g.
Cat™1) - (4 t71)]0) > x1 -+ x, (X € g),
{xis X symg = [Xi xilg-
e Zhu algebra® for k # —h": Vk(g) is a VOA with Ls,,.
A(V*(g)) = U(g): universal enveloping alg., [x] <* x (x € g).
Lsug gives [Lsug] € Z(A(V*(g)))-
o R(V¥(g)) = Symg = gr* A(V¥(g)) = gr"®" U(g).

6

I. B. Frenkel, Y. Zhu, “Vertex operator algebras associated to representations of affine and Virasoro algebras”, Duke Math. J. (1992).
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1.2. Zhu algebras — Examples [3/3]

Example (W-algebras’)

e g: simple Lie alg., k€ C, f € g: nilpotent element.
~~ quantum Drinfeld-Sokolov (BRST) reduction Hps (?) of VE(g):
~ WH(g, f) = Hps ((V¥(g)).
G alg®: R(WH(g,f)) = C[S], Sf = f + g% Slodowy slice.
Zhu alg.® for k # —hV: A(W(g,f)) = U(g, f): finite W-algebra.
R(W(g, f)) = C[S] — grL°A(Wk( f)) = gr'e U(g, f).

o Sub-example: W*(sl(2), f = [9§]) = Vir__ st - Virasoro VA,
£ = @nez CL,®CC, [Lm, Ly = (m— n)Lm+,, + £(m® —m)dmino.

M. = U(L) ®y(cso+cc) Ce: Verma module, ¢ € C.

Vire .= Mc/U(L)L1(1®1) 510) =1®1, L= L ,|0).
G, and Zhu algebras: R(Vir.) = A(Virc) = C[x], x = [L].

78. Feigin, E. Frenkel, “Quantization of the Drinfeld-Sokolov reduction”, Phys. Lett. B, 246 (1990), 75-81.
T. Arakawa, “Associated varieties of modules over Kac-Moody algebras and Cp-cofiniteness of W-algebras”, IMRN (2015), 11605-666
A. De Sole, V. G. Kac, “Finite vs affine W-algebras”, Jpn. J. Math., 1 (2006), 137261
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1.3. Huang’s version of Zhu algebra [1/2]

e The original A(V) requires V to have Hamiltonian Lg.
Determining A(V) is difficult in general.

e Yi-Zhi Huang®? introduced a generalization /ZW(V) applicable for
any V.

/&,,(V) = V/(Vg V), [a]e[b] = [a% b]: associative product,
aeb= res, [f(ziv)a(z)b]dz, fo(z;v) = "e?? /(7% — 1)".

o Fora VOA V, (A,_1(V),"s") = (A(V), ).

e We have /ZA,:O(V) = R(V), where f(z;0) == z"".

e Below we consider (A(V), o) == (Ay=1(V) Vfl) for any VA V.

)

1OY.—Z. Huang, “Differential equations, duality and modular invariance”, Comm. Contemp. Math., 7 (2005), no. 5, 649-706.
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1.3. Huang’s version of Zhu algebra [2/2]

e The definition of A(V) looks more complicated than A(V):
o A(V) = V/(V42< V), [a]x[b] = [aT b],
axb:=3%, (Af-a)) G-mb-

o A(V) = V/(V;V), [a] o [b] := [a:b],
ae b :=res, [e*(e” — 1) "a(z)b]dz.

e However, A(V) has the advantage in that
(1) determining A(V) is simpler than the original A(V),
(2) it has a natural SUSY analogue.

e We demonstrate (1) for superconformal vertex algebras V in §2,
and (2) by proposing the definition of Zhu algebras for SUSY vertex
algebras in §3.
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1. Vertex algebras and Zhu algebras
2. Zhu algebras of superconformal vertex algebras  [5 pages]

2.1. Superconformal vertex algebras
2.2. Zhu algebras for superconformal vertex algebras

3. Zhu algebras for SUSY vertex algebras
4. Open problems

11/24



2.1. Superconformal vertex algebras [1/2]

SCA = superconformal vertex algebra [axb] = "o 7N ag)b

e N =0 SCA VN=0 — Virasoro VA: generated by even L.
o [LaL] = (0+2X\)L+ 5A%. (L: conformal of central charge c € C)

e N =1SCA VN=1 = Neveu-Schwarz VSA: even L & odd G.
o L: conformal of central charge c,
o [LAG] = (0 + 3A)G, (G: primary of conformal weight 3)
o [GAG] =2L+ £X°
L generates VN=0 c VN=1,
e N =2SCA VN=2. generated by even L, J and odd G+,
(c.f. talk of Dr. X. Zhang, Day 1.)

L: conformal of central charge c,

J: even primary of conformal weight 1,

G*: odd primary of conformal weight %

[LJ] =X, [LhGE]=£GF, [GTAG =L+ 1(0+2N)J+ N
L and Gt + G~ generate VN=1 ¢ yN=2,

O O O O
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2.1. Superconformal vertex algebras [2/2]

e N =4SCA VN=%: generated by even L, J%F and odd Gi,éi.,
[axb] = ijo jl!/\Ja(j)b

L: conformal of central charge c,

J%%: primary of conformal weight 1,

Gi,ai: odd primary of conformal weight %

[LrdE]=x20%, [LaS]=Ex [ad =L +EN

[°xGE] = £6%, [S,GT]=4G,

[J52GF] = G*, [J5,G'1=-G,

[GEAG ] = (0+2)\)J%, [GHG ] =L+ 1(0+2)0)/° + £X%

L,J° Gt G generate VN=2 c VN=4,
e N =3SCA VN=3 and big N = 4 SCA VN=4big,

O O O O
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2.2. Determining Zhu algebras [1/5]

o A(V) = V/(V; V), [a]e[b] = [a:b],
ae b = res,[e*(e* — 1)~ "a(z)b] dz.

e Lemma 1 Generators a’ of V induce generators [a'] of A(V).
Lemma 2 [L] of the conformal element L is central.

Lemma 3 The following holds in A(V) for any a,b € V:
(921 =0, [a] o [b] — p(a, b)[b] » [a] = [a(o) .

Lem. 3 holds only for A(V), not for A(V). p(a, b) := (—1)parity(a)-parity(b)
~» Can read off generators & relations of Z(V) from the A-brackets.

Can neglect 0- and AZ!-terms! [axb] == 3250 F N ag)b

e For example, from the \-brackets of VN=* (the previous page),

A(VN=4%) is generated by [L], [J%F],[G*], [Ei], and they satisfy
[L] : central,  [[J°], [J¥]] = £2[s*],  [[J], (01 =[S,
[0, 164 = £[6%], [I°LIG 1| = £[G" 1. [[/*],[67]1 = [6*],
[ALIETT =67 (646 =0, [6*].[67] =L
~~ (the universal enveloping algebra of) some Lie superalgebra
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2.2. Determining Zhu algebras [2/5]

Theorem (Zhu algebra of VV=* [Sato-Y., Theorem 2.4])

U(psi(22)fn) =5 A(VN=*)
(Fains %, g%, 8%) — ([L], %1, [GH], [C )

e 50(2]2) = {x € gl(2|2) | strx = 0}: special linear Lie superalgebra.
psl(2]2) == sl(2]|2)/CI (I: identity supermatrix), sdim = 6|8.
psl(2[2)fin .= {x € psl(2]2) | [x, fmin] = 0}, sdim ps[(2]2)frin = 4|4.

o fin € psl(2]2) is a minimal nilpotent element.

e Basis of psl(2]2)fmn

w2127 [ - (o497 - 49
- [ofs].c -[op e -2l r -2l

where E = [33], F:=1[98], H=[5 %] Eun=[§8] Ex=1[39]

—
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2.2. Determining Zhu algebras [3/5]

Theorem (Zhu algebras of VV=01.24 [Sato-Y., Theorems 2.1-2.4])

We constructed explicit isomorphisms

A(VM=0) =5 U(s(2)), A(VN=Y) = Uosp(1]2)),
A(VN=2) 5 U(si(1[2) ), AV D Upst(2]2)).

RHS are isomorphic to finite W algebras U(g, fmin)-

e SCAs are (affine) W algebras:

2 6(k+1)2 *Wk(SI( ); fmin), Vcl\i:l 12(k+1)2 fWk(osp(1|2)7 frmin )

_ 3
c=1-=70- =3 2k+3

clii3(2k+1) =~ Wk (s1(1]2), fmin), cl\’:i6(k+1) (p51(2\2) fin)-

Hence, reduction commutes with taking Zhu algebras'!

e Similar statements hold for VN=3 and V/N=4big,

11A. De Sole, V. G. Kac, “Finite vs affine W-algebras”, Jpn. J. Math., 1 (2006), 137-261
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2.2. Determining Zhu algebras [4/5]

N = 3 SCA VN=3: generated by even L, A%?3 and odd G, ® with
L: conformal of central charge ¢
AL2:3: even primary of conformal weight 1
G123: odd primary of conformal weight %
®: odd primary of conformal weight %
the remaining non-zero \-brackets
[Ai/\Aj] :E,'jkAk—‘r%)\(S,'j, [Ai,\Gj] :EUka+)\¢(Sy,
[G'AGI] = 2L6j; — (0 + 2A) Ak + %)\2(5;1-, [©,G'] = A/,
[©,®] = —5.

Theorem (Zhu algebras of VV=3 [Sato-Y., Theorem 2.6])

A(VN=3) = U(0sp(3]2)") @ CI(C),

O| O
where foin = {O—‘T_-] € o0sp(3)2), F = [(1)8 ,

and CI(C) is the Clifford algebra with 1 generator.
(c.f. talk of Prof. J.-S. Huang in Day 2)
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2.2. Determining Zhu algebras

Big N = 4 SCA VN=%big: gen by even L, JOF JO* ¢ odd GFE, ott,
e [: conformal of central charge c € C
o JOE JOE £ even primary of conformal weight 1
e G**: odd primary of conformal weight %
e o%: odd primary of conformal weight %

e the remaining non-zero A-brackets: containing a € C\ {0, —1}
[0t Exo~F] = —£. [6x€] = —EN
J,J’ and themselves : 8 relations, J,J’ and G: 16 relations,

G and themselves: 10 rels., J,J" and o: 16 rels., G and o: 16 rels.

Theorem (Zhu algebras of V¥=* [Sato-Y., Theorem 2.10])

A(VM=*%) 22 U(D(2,1; a)") ® CI(C*),
where CI(C*) is the Clifford algebra with 4 generator.
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3.1. SUSY vertex algebras — Definition [1/2]

An Nk = N supersymmetric vertex algebra'? (SUSY VA) is an extension
of VA encoding two-dimensional chiral supersymmetric CFTs.
Z =(z,¢,...,¢"N): supervariable.  ZIMY = Zi¢d = A0 ... (.

Ge€Z J="{j,....jr} C[N]:=={1,...,N})

Definition (Nx = N supersymmetric vertex algebra)

An Nk = N SUSY VA is a C-linear superspace V with even |0) € V and

V= (EndV)[Z¥], a a(Z) = 3jcq jepq 271 ag)),
such that, for any a,b € V,
(i) a(2)b e V((2), (quantum superfield)
(i) 10)(Z) =idy, a(Z2)|0) = a+ O(2), (vacuum)

(iii) @' €EndV, 2> aC1je)|0) (e={i} [N fori=1,....N),
(9'a)(Z) = (0¢i + ¢'0,)a(Z) and [#', a(2)] = (9 — ¢'D.)a(2),

mixing even and odd elements! (odd translation)

(iv) 3N, p € Z>g such that (z — w)Ner[a(Z), b(W)] = 0. (locality)

12Rv Heluani, V. Kac, “Supersymmetric Vertex Algebras”, Comm. Math. Phys., 271 (2007), 103-178.
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3.1. SUSY vertex algebras — Example [2/2]

o V: Nk =NSUSY VA, V3ama(Z)=3, ,Z7 1N g; ).

0 0:=(§')2 = = (§")? satisfies (92)(Z) = [0, a(Z)] = D.a(Z).

()
e A-bracket: [anb] =3 ;5 , %/\”Jaumb.

NP = NxJ, A even, x,...,x":odd, [x',x] = 205\
EXampIe [a)\b] = Zn>0 n|)\ ”)b

e N =1SCA VN=1 generated by even L and odd G,
[LaL] = (042X L+ 523, [LaG] = (04 3)N)G, [G\G] =2G+ $A%
Nk =1 SUSY str.: ﬁl G_1 =Gy, arra(Z) = a(z) + ¢(Pa)(z).
In particular, L =29G, G(Z ) G( ) + 2¢L(z) and
[GAG] = X[GrG] + 2[LAG] = (20 + 3A + x@) G + $A%x.
o VN=2isan Nx =2 SUSY VA, and VN=*Pi js an N =4 SUSY VA.
[GAG] = (20 + (4 — N)X + Z,N:l X'?")G + (central term).
e Chiral de Rham complexes of smooth/Kahler/hyperkahler manifolds
are Nk = 1/2/4 SUSY VAs.
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3.2. Zhu algebras for SUSY vertex algebras [1/2]

Huang's version A(V) of Zhu algebra for VA V suggests:
(a e b= res,[y"e"*(e"* — 1)~"a(z)b]dz for non-SUSY VA)
Definition/Theorem (SUSY Zhu algebra [Sato-Y., §3.2])
For an Nx = N SUSY VA VY,
A (V) =V/(V g V), [a]e[b] = [aiY b]: associative product,
ae b= sresz[y"¢(Me2(e72 — 1)="a(Z)b]6Z
(sres: super-residue, 0Z: Berezin differential)
o Lemma A (V)2 A (Vied), where Vieg = (V, [0, a — a(z,0)).

e Proposition ¢’ induces differentials [}'] on A. (V).

e Proposition We can recover the SUSY (C,-Poisson algebral? as
Ar=o(V) 2 R(V) i= V/(V(_)V) )
R(V) is Poisson superalg. with 3- b := ac_yjn)) b, {3, b} = aojn)) b

and odd derivations é9i

13S,Y , “Li filtrations of SUSY vertex algebras”, Lett. Math. Phys., 112 (2022), Article no. 103, 77pp.
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3.2. Zhu algebras for SUSY vertex algebras [2/2]

Example (SUSY Zhu algebras of N =1 SCA [Sato-Y., §3.2])

e VV=1: N =1 SCA as Nx = 1 SUSY VA.
Generated by odd G with [GAG] = (20 + x@ + 3X)G + $A2.
e Zhu algebra:
A(V) = U(osp(1[2)"), [G] = g, [L] =2[§G] — f,
U= (f,g|f:even, g:odd, [f,f]=[g,g] =0, [g,g] = 2f)alg,
with differential [7].

e SUSY (,-Poisson algebra:
R(V) = C[G, #G] :7(C[E, L], {G,G}=2L
with odd derivation .

We have similar results for VN=2:3:4 and \/N=4big,
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4. Summary and open problems [1/1]

Summary:

(1) We determined A(V) for superconformal vertex algebras V/,
which is is simpler than the original A(V).

(2) We proposed Zhu algebras A(V) of SUSY vertex algebras V,
which is a natural SUSY extension of A(V).

Open problems

e Classification of simple modules of N =3 and big N = 4 SCAs.
(Simple modules of N =1,2,4 SCAs are known.)

SUSY analogue of chiral homology CH,. (X, V)
e SUSY analogue of HH'(A(V)) = CHy(nodal curve, V).

e Relation to (Yangian limit of) quantum toroidal gl;j; and
super-Macdonald polynomials. (c.f. talk of Prof. H. Kanno, Day 1)
[
Thank you.
14

A. Beilinson, V. Drinfeld, “Chiral Algebras”, AMS Colloquium Publ., 51, Amer. Math. Soc., Providence, RI, 2004

5J. van Ekeren, R. Heluani, “Chiral homology of elliptic curves and the Zhu algebra”, Comm. Math. Phys., 386 (2021), 495-550.
24 /24



	Vertex algebras and Zhu algebras
	Vertex algebras and Zhu algebras
	Zhu algebras
	Huang's version of Zhu algebra

	Zhu algebras for superconformal vertex algebras
	Superconformal vertex algebras
	Determining Zhu algebras

	Zhu algebras for SUSY vertex algebras
	SUSY vertex algebras
	Zhu algebras for SUSY vertex algebras

	Summary and open problems

